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Abstract
We introduce a notion of density which extends both the notion of Le-
long number and the theory of intersection for positive closed currents on
Ka¨hler manifolds. For arbitrary finite family of positive closed currents on
a compact Ka¨hler manifold we construct cohomology classes which repre-
sent their intersection even when a phenomenon of excess dimension occurs.
An example is the case of two algebraic varieties whose intersection has
dimension larger than the expected number. The theory allows to solve
problems in complex dynamics. Basic calculus on the density of currents
is established.
Classification AMS 2010: 32U, 37F, 32H50
Keywords: density of currents, tangent current, intersection of currents, Lelong
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1 Introduction
Positive closed currents are a fundamental tool in complex analysis, algebraic
geometry, differential geometry, dynamics and theory of foliations. Bi-degree
(1, 1) currents and their intersections were intensively studied and had many
applications. The key point here is that positive closed (1, 1)-currents can be
locally written as the ddc of plurisubharmonic (psh) functions which are unique
up to pluriharmonic functions. Therefore, the study of positive closed (1, 1)-
currents can be systematically reduced to the study of psh functions.
The case of arbitrary bi-degree currents is still far from being well-understood.
Their local potentials may differ by singular currents and a good choices of po-
tential depend on the choice of coordinates. We refer the reader to the works by
Demailly, Fornæss, Lelong, Me´o, Siu, Skoda, Vigny, the authors [6, 14, 18, 19, 23,
29, 30, 31, 32, 33, 35] and the references therein for results and applications in this
direction. The difficulty in the study of higher bi-degree currents is comparable
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with the study of higher co-dimension cycles in algebraic geometry. The case of
bi-degree (1, 1) corresponds to the case of hypersurfaces of algebraic varieties.
In [7, p.16], Demailly posed the problem to develop a theory of intersection
for positive closed currents of higher bi-degree. A partial answer to this question
was given by the authors in [18, 19] with applications in dynamics, see also Ahn
[1] and de The´lin-Vigny [11]. In this paper, we develop a new idea which leads
to an intrinsic notion of intersection in a quite general setting. Moreover, the
theory of density that we present here covers the notion of Lelong number and
the notion of tangent cones of currents at a point. It also permits to measure
the size of the intersection for arbitrary currents even when there is an excess of
the intersection dimension. The last phenomenon cannot be studied using the
classical intersection theory for currents. See Fulton [24] for the algebraic setting.
Let us now, for simplicity, discuss first the case of two positive closed currents
T1 and T2 of bidegrees (p1, p1) and (p2, p2) on a projective manifold X of dimen-
sion k. Consider the particular case where T1 and T2 are given by integration
on submanifolds V1 and V2 such that dimV1 + dimV2 < k. For generic such
submanifolds, we have V1 ∩ V2 = ∅. However, in general this intersection may
be non-empty and the classical intersection theory of currents does not give a
meaning to this intersection for bi-degree reason.
On the other hand, when V2 is a point, denoted by a, there is a notion of
multiplicity of V1 at a. More generally, if T1 is a general positive closed current
there is a notion of Lelong number ν(T1, a) of T1 at a which represents the density
of T1 at a. We first recall this notion and then extend it to the general case. For
more detailed expositions on Lelong numbers, see Demailly [8], Lelong [29] and
Siu [32].
Choose a local holomorphic coordinate system x near a such that a = 0 in
these coordinates. The Lelong number of T1 at a is the limit of the normalized
mass of T1 on the ball B(0, r) of center 0 and radius r when r tends to 0. More
precisely, we have
ν(T1, a) := lim
r→0
‖T1‖B(0,r)
(2π)k−p1r2k−2p1
·
Note that (2π)k−p1r2k−2p1 is the mass on B(0, r) of the (p1, p1)-current of inte-
gration on a linear subspace of dimension k − p1 through 0. Lelong proved that
this limit always exists [29]. Thie showed that when T1 is given by an analytic
set this number is the multiplicity of V1 at a. Siu proved that the limit does not
depend on the choice of coordinates and that the function a 7→ ν(T1, a) is upper
semi-continuous for the Zariski topology [32].
Let σ : X̂ → X be the blow-up of X at a. The pull-back of T1 to X̂ \ σ−1(a)
is a positive closed current that can be extended by 0 through the exceptional
hypersurface σ−1(a) ≃ Pk−1. We call it the strict transform of T1 and denote it by
σ⋄(T1). In general the class of this current in the de Rham cohomology H
∗(X̂,C)
is not equal to the pull-back by σ of the class of T1 in H
∗(X,C). According to
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Siu’s results [32], the missing class can be represented by ν(T1, a) times the class
of a linear subspace in σ−1(a).
We can also consider the Lelong number from another geometric point of view
related to Harvey’s exposition [25]. Let Aλ : C
k → Ck be defined by Aλ(x) := λx
with λ ∈ C∗. When λ goes to infinity, the domain of definition of the current
T1,λ := (Aλ)∗(T1) converges to C
k. This family of currents is relatively compact
and any limit current, for λ → ∞, is invariant under the action of C∗, i.e.
invariant under (Aλ)∗. If S is a limit current, we can extend it to P
k with zero
mass on the hyperplane at infinity. Thus, there is a positive closed current S∞
on Pk−1 such that S = π∗∞(S∞). Here we identify the hyperplane at infinity with
P
k−1 and we denote by π∞ : P
k \{0} → Pk−1 the canonical central projection (we
do not consider the case where T1 is a measure, i.e. p1 = k). The class of S∞
(resp. of S) in the de Rham cohomology of Pk−1 (resp. of Pk) is equal to ν(T1, a)
times the class of a linear subspace. So these cohomology classes do not depend
on the choice of S. Kiselman showed that in general the current S is not unique
[28]. Blel-Demailly-Mouzali gave in [3] conditions on T1 for the uniqueness of S.
We consider now the situation where T1 is a general positive closed (p1, p1)-
current and T2 is given by a submanifold V2. For simplicity, we will write T, p, V
instead of T1, p1, V2 and denote by l the dimension of V . With respect to the above
case, the point a is replaced by the manifold V . We want to define a notion of
tangent current to T along V that corresponds to the currents S above. Let E
denote the normal vector bundle to V in X and E its canonical compactification.
Denote by Aλ : E → E the map induced by the multiplication by λ on fibers
of E with λ ∈ C∗. We identify V with the zero section of E. The tangent
currents to T along V will be positive closed (p, p)-currents on E which are V -
conic, i.e. invariant under the action of Aλ. The first difficulty is that when V
has positive dimension, in general, no neighbourhood of V in X is biholomorphic
to a neighbourhood of V in E.
Let τ be a diffeomorphism between a neighbourhood of V in X and a neigh-
bourhood of V in E whose restriction to V is identity. We assume that τ is
admissible in the sense that the endomorphism of E induced by the differential
of τ is the identity. It is not difficult to show that such maps exist, see Lemma
4.2. Here is a main result in this paper. It is a consequence of Proposition 4.4
and Theorem 4.6 below.
Theorem 1.1. Let X, V, T, E, E,Aλ and τ be as above. Then the family of
currents Tλ := (Aλ)∗τ∗(T ) is relatively compact and any limit current, for λ→∞,
is a positive closed (p, p)-current on E whose trivial extension is a positive closed
(p, p)-current on E. Moreover, if S is such a current, it is V -conic, i.e. invariant
under (Aλ)∗, and its de Rham cohomology class in H
2p(E,C) does not depend on
the choice of τ and S.
We will see later that the result still holds and we obtain the same family of
limit currents using local admissible diffeomorphisms. This softness is very useful
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in the analytic calculus with tangent cones and densities while the use of global
admissible diffeomorphisms is convenient for cohomology calculus.
We say that S is a tangent current to T along V . Its class in the de Rham
cohomology group is called the total tangent class of T along V . Note that this
notion generalizes a notion of tangent cone in the algebraic setting where T is
also given by a manifold, see Fulton [24] for details.
The cohomology ring of E is generated by the cohomology ring of V and
the tautological (1, 1)-class on E. Therefore, we can decompose the cohomology
class of S and associate to it cohomology classes of different degrees on V . These
classes represent different parts of the tangent class of T along V .
Consider now arbitrary positive closed currents T1, T2 on X and the tensor
product T1⊗ T2 on X ×X . When T1, T2 are currents of integration on manifolds
V1 and V2, the tensor product T1 ⊗ T2 is the current of integration on V1 × V2.
Let ∆ denote the diagonal of X × X . We can consider the tangent currents
and the total tangent class of T1 ⊗ T2 along ∆. The normal vector bundle to ∆
is canonically isomorphic to the tangent bundle of X if we identify ∆ with X .
The tangent currents and the total tangent class in this case induce the density
currents and the total density class associated with T1 and T2.
Assume that p1+p2 ≤ k and that there is only one tangent current S to T1⊗T2
along ∆. Assume also that for j > k − p1 − p2, the current S vanishes on the
pull-back of (j, j)-forms by the canonical projection onto ∆ which is canonically
identified with X . Then we show that S is the pull-back of a unique positive
closed current Sh of bidegree (p1+ p2, p1+ p2) on X . In this case, we call S
h the
wedge-product of T1 and T2 and denote it by T1upriseT2. The notion can be extended
to a finite number of currents. So the density of currents extends the theory of
intersection. We believe that this notion of intersection of currents, combined
with the use of our theory of super-potentials, solves Demailly’s problem in [7,
p.16] and needs to be developed.
In Sections 2 and 3, we will recall some basic notions on positive closed cur-
rents and we give several properties that will be used in our study. In particular,
we introduce the ⋆-norm for currents. This norm is useful for the mass estimates
of the currents Tλ in Theorem 1.1 and of wedge-products of currents. We also
prove the extension results needed when dealing with blow-up and with the map
τ which is not holomorphic. We then introduce the notion of horizontal dimen-
sion of a current on a projective fibration and the notion of V -conic currents on
a vector bundle over V .
Tangent currents and tangent classes will be introduced in Section 4. We will
prove there, a property of semi-continuity of the tangent class which is similar to
the semi-continuity of Lelong number with respect to the current. We will also
give several properties which allow to compute tangent classes. In particular,
we can compute such classes using strict transforms of current and blow-up of
manifolds as in Siu’s results on Lelong numbers. Finally, the density of currents
and the first properties of a new intersection theory are presented in Section 5.
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We will compare our definition with a classical notion of intersection of (1, 1)-
currents. Some applications to dynamics are given in [13, 21].
Notations. Through the paper, we denote by Dk the unit polydisc in Ck and
λDk the polydisc of radius |λ| centered at the origin of Ck for λ ∈ C∗.
If X is an oriented manifold, denote by H∗(X,C) the de Rham cohomology
group of X and H∗c (X,C) the de Rham cohomology group defined by forms or
currents with compact support in X . If V is a submanifold of X , denote by
H∗V (X,C) the de Rham cohomology group defined in the same way using only
forms or currents on X whose supports intersect V in a compact set.
If T is a closed current on X denote by {T} its class in H∗(X,C). When T is
supposed to have compact support then {T} denotes the class of T in H∗c (X,C).
If we only assume that supp(T )∩ V is compact, then {T} denotes the class of T
in H∗V (X,C). The current of integration on an oriented submanifold Y is denoted
by [Y ]. Its class is denoted by {Y }.
The restriction to a submanifold V of smooth forms on X defines a canonical
morphism from H∗V (X,C) to H
∗
c (V,C); the restriction to V of a class is denoted
by {·}|V . Currents on V can be canonically sent by the embedding map to
currents on X . This induces a natural morphism from H∗c (V,C) to H
∗
V (X,C).
The composition of the above two morphisms is equal to the endomorphism of
the space ⊕H∗V (X,C) induced by the cup-product with {V }.
The group H2kc (X,C) of maximal degree is often identified with C via the
integration of forms of maximal degree on X . If X is a compact Ka¨hler manifold,
the groupsH∗(X,C), H∗c (X,C) andH
∗
V (X,C) are equal and we identifyH
p(X,C)
with the direct sum of the Hodge cohomology groups Hq,p−q(X,C) via the Hodge
decomposition.
2 Positive currents and spaces of test forms
In this section, we recall some basic notions on positive currents on a com-
plex manifold and refer the reader to Demailly [8], de Rham [9], Federer [22],
Ho¨rmander [26, 27], Siu [32] and to [20] for details. We will also introduce and
study some spaces of test forms which are the core of the technical part of our
work. They will permit, in particular, to bound the mass of the currents Tλ in
Theorem 1.1 and to show that their (q, 2p− q)-components, with q 6= p, converge
to 0 when λ tends to infinity.
Let X be a complex manifold of dimension k. A (p, p)-form θ on X is positive
if for any point in X we can write θ as a finite combination of forms of type
(iγ1 ∧ γ1) ∧ . . . ∧ (iγp ∧ γp),
where γ1, . . . , γp are (1, 0)-forms. A (p, p)-current T on X is weakly positive if
T ∧ θ is a positive measure for any smooth positive (k− p, k− p)-form θ. Such a
current is of order 0 and real, i.e. T = T .
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A (p, p)-current T is positive if T ∧ θ is a positive measure for any smooth
weakly positive (k − p, k − p)-form θ. Positive currents and positive forms are
weakly positive. Positivity and weak positivity are local properties. They coincide
only for bidegree (p, p) with p = 0, 1, k − 1 or k. On a chart of X , in the
definition of (weakly) positive current, it suffices to use only forms θ with constant
coefficients. Positive Hermitian (1, 1)-forms on X are examples of positive forms.
A (p, p)-current T is strictly positive if for a fixed smooth Hermitian (1, 1)-form
β on X we have locally T ≥ ǫβp, i.e. T − ǫβp is positive, for some constant ǫ > 0.
The definition does not depend on the choice of β.
From now on, consider a Ka¨hler manifold X of dimension k, not necessarily
compact. Let ω be a fixed Ka¨hler form on X . It induces a Ka¨hler metric on
X and also metrics on the vector bundles of differential forms. This permits to
define the mass-norm for currents of order 0 on X . If T is a current of order 0
and K a Borel subset of X , the mass of T on K is denoted by ‖T‖K and the mass
of T on X is denoted by ‖T‖. If T is a (weakly) positive or negative (i.e. −T is
positive or weakly positive) (p, p)-current, the above mass-norm is equivalent to
the mass of the trace measure T ∧ ωk−p. Then, we identify ‖T‖K with the mass
of T ∧ ωk−p on K.
We introduce now some spaces of test forms and establish properties that we
will use later to estimate the mass of currents. Fix open subsets W1 and W2 of
X with smooth boundaries such that W1 ∩W2 is relatively compact in X . The
notions below depend on the choice of W1 and W2. We will use later an open
neighbourhood W2 of a submanifold V of X and positive closed currents with
support in W1.
Definition 2.1. Let R be a (1, 1)-current of order 0 on X with no mass outside
W1∩W 2. We define the ⋆-norm ‖R‖⋆ of R as the infimum of the constants c ≥ 0
such that the real and imaginary parts of R satisfy
−c(ω + ddcφ) ≤ Re(R), Im(R) ≤ c(ω + ddcφ)
for some quasi-psh function φ on W1 satisfying dd
cφ ≥ −ω on W1 and which
vanishes outside W2. By convention, if such constant does not exist, the ⋆-norm
of R is infinite. The definition does not change if we only assume that φ is
constant outside W2.
The ⋆-norm is convenient because bounding by closed positive currents per-
mits to compute cohomologically, avoiding uniform estimates. Several concrete
examples will be constructed later using blow-ups of X along its submanifolds.
Note that when ‖R‖⋆ is finite, R is absolutely continuous with respect to
the positive closed (1, 1)-current R′ := ω + ddcφ on W1. In particular, the trace
measure R ∧ ωk−1 of R is equal to the product of a bounded function with the
trace measure R′ ∧ ωk−1 of R′. It is not difficult to check that ‖ · ‖⋆ defines a
norm on the space of (1, 1)-currents R with ‖R‖⋆ finite. This space contains the
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C 2 forms with support in W1 ∩W2. We will use it as a space of test forms in
order to study currents with support in W1.
Definition 2.2. Let Γ be a form of bidegree (1, 0) or (0, 1) vanishing outside
W1 ∩ W 2 with L2loc coefficients in W1 ∩ W 2. We define the ⋆-norm of Γ by
‖Γ‖⋆ := ‖iΓ ∧ Γ‖1/2⋆ . If Γ is an L2 1-form vanishing outside W1 ∩W 2, we define
‖Γ‖⋆ as the supremum of the ⋆-norms of its bidegree (1, 0) and bidegree (0, 1)
components. By convention, if Γ is a 1-current which is not given by an L2loc form
on W1 ∩W 2, its ⋆-norm is infinite.
Remark 2.3. A version of the ⋆-norm was introduced and used by the authors
for positive closed currents on compact Ka¨hler manifolds [15, 18, 19], see also
Vigny [34]. We can easily extend it to currents of bidegree (p, p), (p, 0) or (0, p).
For currents R of bidegree (p, q) we can consider the square root of the ⋆-norm of
Γ⊗Γ in X ×X . This quantity was implicitly used in some dynamical problems,
see [12].
Lemma 2.4. The map Γ 7→ ‖Γ‖⋆ defines a semi-norm on the space of 1-forms Γ
vanishing outside W1∩W 2 such that ‖Γ‖⋆ is finite. If Γ1,Γ2 are such forms then
‖Γ1 ∧ Γ2‖⋆ ≤ ‖Γ1‖⋆‖Γ2‖⋆.
Proof. For the first assertion, it is enough to prove the triangle inequality for
the bidegree (1, 0)-case. Let Γ1 and Γ2 be of bidegree (1, 0). Since the form
i(cΓ1 − c−1Γ2) ∧ (cΓ1 − c−1Γ2) is positive for any c > 0, we have
i(Γ1 + Γ2) ∧ (Γ1 + Γ2) ≤ (1 + c2)(iΓ1 ∧ Γ1) + (1 + c−2)(iΓ2 ∧ Γ2).
Taking c = ‖Γ1‖−1/2⋆ ‖Γ2‖1/2⋆ , we obtain that ‖Γ1 + Γ2‖⋆ ≤ ‖Γ1‖⋆ + ‖Γ2‖⋆.
For the second assertion, the positivity of the above form with c = 1 implies
2Im(Γ1 ∧ Γ2) = −iΓ1 ∧ Γ2 + iΓ2 ∧ Γ1 ≤ (iΓ1 ∧ Γ1) + (iΓ2 ∧ Γ2).
This together with similar inequalities for {Γ1,−Γ2} or {Γ1,±iΓ2} instead of
{Γ1,Γ2} imply that ‖Im(Γ1 ∧ Γ2)‖⋆ ≤ ‖Γ1‖⋆‖Γ2‖⋆ and a similar inequality for
Im(Γ1 ∧ Γ2). This completes the proof of the lemma.
Note that when X is compact and W1 = X , ‖ · ‖⋆ is in fact a norm because
the mass of ω + ddcφ does not depend on φ. Therefore, if ‖Γ‖⋆ = 0, the mass of
Γ ∧ Γ vanishes and hence Γ = 0.
Definition 2.5. A current R of order 0 on X is said to be a quasi-continuous
current or quasi-continuous form if it vanishes outside some open set WR ⋐ X
and is given on that open set by a continuous form Θ which is also an L1 form.
The open set of points x ∈ WR such that Θ(x) 6= 0 is called an essential support
of R.
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Note that the essential support of R depends on the choice of Θ and WR; it
is unique up to a set of zero Lebesgue measure. If T is a current of order 0 and
if R is as above, we can define the current T ∧ R on WR. If this wedge-product
has finite mass, we can extend it by 0 to a current on X that we still denote by
T ∧R. The wedge-products we will consider below satisfy this property. We will
estimate their mass not in terms of the L∞ norm of R, as is usual.
Lemma 2.6. Let T be a positive closed (p, p)-current on X such that supp(T ) ⊂
W1. Let R be a quasi-continuous form of bidegree (1, 1) vanishing outside W1∩W2
and with finite ⋆-norm. Then there is a constant c > 0 independent of T,R and a
positive closed (p+1, p+1)-current T ′ on X such that for any open set W which
contains W 2
−T ′ ≤ Re(T ∧ R), Im(T ∧R) ≤ T ′ and ‖T ′‖W = c‖T‖W‖R‖⋆.
Proof. We can assume that R is a real current such that ‖R‖⋆ = 1/2 and that
there is a quasi-psh function φ on W1 which vanishes outside W2 and satisfies
ddcφ ≥ −ω and −ddcφ − ω ≤ R ≤ ddcφ + ω on W1. Since R vanishes outside
W2, we can assume that WR ⊂ W1 ∩ W2. Let χn be a sequence of smooth
functions, with compact support in WR, with 0 ≤ χn ≤ 1 and which increases to
the characteristic function of WR. Define Rn := χnR. We still have −ddcφ−ω ≤
Rn ≤ ddcφ+ ω.
In order to regularize φ, we apply Demailly’s method which uses local convo-
lution operators, see [8]. These operators act also on smooth forms Rn and do not
change Rn too much. We can find a smooth function φn on an open subset W1,n
of W1 which vanishes out of an open set W2,n ⊃ W2 and such that ddcφn ≥ −ω
and −c(ddcφn + ω) ≤ Rn ≤ c(ddcφn + ω), where c > 0 is a constant independent
of φ,R and n. The constant c takes into account the loss of positivity in the regu-
larization procedure. We can choose W1,n increasing to W1 with W1,n ⊃ supp(T )
and W2,n decreasing to W2.
Define Tn := cT∧(ddcφn+ω). For n large enough, this current is supported by
supp(T ) ⊂W1,n and the restriction of φn to supp(T ) vanishes outside a compact
subset of W . This and Stokes’ formula imply that
‖Tn‖W = 〈Tn, ωk−p−1〉W = c〈T, ωk−p〉W = c‖T‖W .
In particular, the mass of Tn is locally bounded uniformly on n. Extracting
a subsequence, we can assume that Tn converges to a current T
′. Clearly, T ′
satisfies the lemma.
Definition 2.7. Let (Rλ) be a family of q-currents on X with λ ∈ C and |λ| ≥ 1.
Assume that they have no mass outsideW1∩W 2. We say that (Rλ) is ⋆-negligible
if it can be written as a finite sum of families of q-currents of type
Γ1λ ∧ . . . ∧ Γqλ
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where for each index j, the Γjλ are quasi-continuous forms of the same bidegree
(1, 0) or (0, 1) with ⋆-norms bounded uniformly on λ and such that one of the
following properties holds
(a) The number of (1, 0)-forms is not equal to the number of (0, 1)-forms;
(b) For some index j, the ⋆-norm of Γjλ tends to 0 as λ tends to infinity;
(c) For at least q − 1 indices j, we can write Γjλ = hjλSj where Sj is a quasi-
continuous form independent of λ with finite ⋆-norm and hjλ are quasi-
continuous functions, bounded uniformly on λ, whose essential support
converges to the empty set as λ tends to infinity.
Here, we say that a family of open sets (Uλ) converges to the empty set if
the characteristic function 1Uλ converges pointwise to 0. The following lemma
justifies the introduction of ⋆-negligible families of currents.
Lemma 2.8. Let T be a positive closed (p, p)-current on X with support in W1.
Let (Rλ) be a ⋆-negligible family of (2k − 2p)-forms. Then the mass of T ∧ Rλ
converges to 0 when λ tends to infinity.
Proof. We only have to consider the case where Rλ is equal to the wedge-product
Γ1λ∧ . . .∧Γ2k−2pλ as in Definition 2.7. If it satisfies property (a) in that definition,
then for bidegree reason, we have T ∧ Rλ = 0. So we can, without loss of
generality, assume that Γjλ is of bidegree (1, 0) when j ≤ k − p and of bidegree
(0, 1) otherwise. Denote for simplicity Λjλ := Γ
k−p+j
λ .
Consider now the case (b). We can assume that ‖Γ1λ‖⋆ converges to 0. Observe
that Γjλ ∧ Λ
j
λ can be written in a canonical way as a linear combination with
constant coefficients of the currents
iΓjλ ∧ Γ
j
λ, iΛ
j
λ ∧ Λ
j
λ, i(Γ
j
λ + Λ
j
λ) ∧ (Γ
j
λ + Λ
j
λ) and i(Γ
j
λ + iΛ
j
λ) ∧ (Γ
j
λ + iΛ
j
λ).
Therefore, we can assume that Λjλ = Γ
j
λ for j ≥ 2. Define
Tλ := T ∧ (iΓ2λ ∧ Γ
2
λ) ∧ . . . ∧ (iΓk−pλ ∧ Γ
k−p
λ ).
This is a positive current.
If we apply Lemma 2.6 inductively k − p − 1 times to R := Γjλ ∧ Γ
j
λ we get
a positive closed (k − 1, k − 1)-current T ′λ of bounded mass such that Tλ ≤ T ′λ.
Finally, Cauchy-Schwarz’s inequality implies that
‖Tλ ∧ Γ1λ ∧ Λ
1
λ‖ ≤ ‖Tλ ∧ (iΓ1λ ∧ Γ
1
λ)‖1/2‖Tλ ∧ (iΛ1λ ∧ Λ
1
λ)‖1/2.
Applying again Lemma 2.6 to T ′λ instead of T and to R = iΓ
1
λ∧Γ
1
λ or R = iΛ
1
λ∧Λ
1
λ
gives the result.
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Assume now that condition (c) is satisfied. We can assume that it holds for
j 6= k − p + 1 and that the functions hjλ in this condition are the characteristic
functions of open sets Wλ which converge to the empty set. As in the last case,
we reduce the problem to the case where Γjλ = Λ
j
λ for 2 ≤ j ≤ k − p; these
currents are also equal to Sj restricted to Wλ. Consider the positive current
T˜ := T ∧ (iS2 ∧ S2) ∧ . . . ∧ (iSk−p ∧ Sk−p).
We obtain as above
‖T˜ ∧ Γ1λ ∧ Λ
1
λ‖Wλ ≤ ‖T˜ ∧ (iS1 ∧ S
1
)‖1/2Wλ‖T˜ ∧ (iΛ1λ ∧ Λ
1
λ)‖1/2.
The first factor in the right hand side tends to 0 since this is the mass of a
fixed current on open sets which converge to the empty set. The second factor is
bounded according to Lemma 2.6. The result follows.
Lemma 2.9. Let M be a positive constant. Let ϕ1, ϕ2 be quasi-psh functions on
W1 which are constant outside W2 and satisfy dd
cϕ1 ≥ −Mω and ddcϕ2 ≥ −Mω.
Then φ := log(eϕ1 + eϕ2) is a quasi-psh function on W1. It is constant outside
W2 and satisfies dd
cφ ≥ −Mω. Moreover, the ⋆-norm of
Γ :=
e
1
2
(ϕ1+ϕ2)
eϕ1 + eϕ2
(∂ϕ1 − ∂ϕ2)
is bounded by
√
8πM .
Proof. Clearly, φ is constant outside W2. Define χ(t) := log(1 + e
t). We have
0 ≤ χ′(t) ≤ 1 and χ′′(t) ≥ 0. Therefore, if t := ϕ1 − ϕ2 we have
ddcφ = ddc(χ(ϕ1 − ϕ2)) + ddcϕ2
= χ′(t)(ddcϕ1 − ddcϕ2) + 1
2π
χ′′(t)(i∂t ∧ ∂t) + ddcϕ2
≥ χ′(t)ddcϕ1 + (1− χ′(t))ddcϕ2.
Recall that ddc = i
2π
∂∂. Hence, φ is quasi-psh on W1 and dd
cφ ≥ −Mω. We
deduce that the ⋆-norm of ddcφ is bounded by 2M .
A direct computation as above gives that i∂∂φ− iΓ ∧ Γ is equal to
eϕ1
eϕ1 + eϕ2
(i∂∂ϕ1) +
eϕ2
eϕ1 + eϕ2
(i∂∂ϕ2).
The ⋆-norm of the last sum is bounded by 4πM because i∂∂ϕ1 and i∂∂ϕ2 satisfy
the same property. This gives the last estimate in the lemma.
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We will use test forms with finite ⋆-norms. The results obtained above permit
to bound some integrals without knowing the L∞-norm of test forms which is not
controlled by the ⋆-norm. Therefore, specific test forms with bounded ⋆-norms
can be used to study singularities of currents. We now describe a situation that
we will consider in the next section, in particular, when dealing with a blow-up.
Let V and V ′ be submanifolds of X of dimension l and l′ respectively such
that V ′ ⊂ V ⊂W2. So V ∩W1 is relatively compact in X . In W1 ∩W2 consider
a chart which is identified with the polydisc 2Dk on which V and V ′ are equal
respectively to 2Dl×{0} and 2Dl′×{0}. We will use in this polydisc the standard
coordinates x = (x1, x2, x3) with x1 = (x1, . . . , xl′), x
2 = (xl′+1, . . . , xl) and
x3 = (xl+1, . . . , xk). In particular, 2D
l × {0} is the set of points (·, ·, 0) in these
coordinates. The following lemmas introduce useful families of test forms.
Lemma 2.10. Let Γm,j denote the (1, 0)-form supported by D
k and defined by
Γm,j :=
xjdxm − xmdxj
‖x3‖2 for l + 1 ≤ m, j ≤ k.
Then Γm,j has finite ⋆-norm.
We first introduce some notations. Let σ : X̂ → X denote the blow-up of X
along V and define V̂ := σ−1(V ). By Blanchard’s theorem [2], if U is an open
subset of X̂ such that U ∩ V̂ is relatively compact in X̂ , then U is a Ka¨hler
manifold. Let ω̂ be a Ka¨hler form on a neighbourhood of Ŵ1 := σ
−1(W1). We
can choose ω̂ so that σ∗(ω̂) is equal to a constant times ω outside W2. The
current σ∗(ω̂) is positive closed and has positive Lelong number along V (if V
is a hypersurface then σ = id; we replace σ∗(ω̂) by ω + [V ]). Multiplying ω̂
with a constant allows to assume that the Lelong number of σ∗(ω̂) along V is
equal to 1 or equivalently, if V̂ := σ−1(V ) is the exceptional hypersurface then
σ∗(σ∗(ω̂)) = ω̂ + [V̂ ].
Since σ∗(ω̂) is smooth outside V , we can find a negative quasi-psh function ϕ
on W1 which vanishes outside W2 and such that dd
cϕ− σ∗(ω̂) is a smooth form.
Fix a constant c0 > 1 large enough such that dd
cϕ ≥ σ∗(ω̂)− (c0−1)ω and define
α := ddcϕ+ c0ω. This form is larger than σ∗(ω̂)+ω and its restriction to W1 has
finite ⋆-norm.
We cover σ−1(Dk) with k − l charts. We describe only one of them. The
other ones are obtained by permuting the coordinates. The chart we consider is
denoted by D̂ and is given with local coordinates z = (z1, . . . , zk) with |zi| < 1
for i ≤ l and |zi| < 2 otherwise and such that
σ(z) = (z1, . . . , zl, zl+1zk, . . . , zk−1zk, zk).
On this chart, V̂ is equal to {zk = 0}. Since ddc(ϕ ◦ σ) − [V̂ ] is a smooth form
and ddc log |zk| = [V̂ ], the function ϕ ◦ σ − log |zk| is smooth. We deduce that
ϕ− log ‖x3‖ is a bounded function.
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Proof of Lemma 2.10. When V is a hypersurface, i.e. l = k − 1, we have
Γm,j = 0. Consider the higher codimension case. Observe that 2i∂∂ log ‖x3‖
is equal to the sum of iΓm,j ∧ Γm,j. So we only have to check that the form
i∂∂ log ‖x3‖ restricted to Dk has finite ⋆-norm.
Using the local coordinates z introduced above, we see that σ∗(i∂∂ log ‖x3‖)
is bounded by 2π[V̂ ] plus a smooth (1, 1)-form. It follows that i∂∂ log ‖x3‖ is
bounded by a constant times the form α introduced above. Therefore, i∂∂ log ‖x3‖
has finite ⋆-norm. 
Denote by Aλ the map (x
1, x2, x3) 7→ (x1, x2, λx3) for λ ∈ C∗. We will be
concerned with |λ| → ∞. Therefore, in what follows, we assume that |λ| ≥ 1.
Lemma 2.11. Let R (resp. Γ) be a quasi-continuous form essentially supported
in Dk and of bidegree (1, 1) (resp. (1, 0) or (0, 1)). Assume that their coefficients
have modulus smaller or equal to 1. Then the forms (Aλ)
∗(R) and (Aλ)
∗(Γ) on
Dl × λ−1Dk−l have ⋆-norms bounded by a constant independent of R,Γ and λ.
Proof. Observe that the estimate on ‖(Aλ)∗(Γ)‖⋆ can be deduced from the es-
timate on ‖(Aλ)∗(R)‖⋆ applied to R := Γ ∧ Γ. So it is enough to bound the
⋆-norm of (Aλ)
∗(R). If R does not contain terms with dxj or dxj with j ≥
l + 1, then (Aλ)
∗(R) has bounded coefficients and its ⋆-norm is clearly bounded.
Moreover, since we can bound the real and imaginary parts of dxm ∧ dxj by
idxm ∧ dxm + idxj ∧ dxj , we only have to consider the case where R = i∂∂‖x3‖2.
We construct now a function φ satisfying estimates as in Definition 2.1. Define
s := log |λ|. Recall that ϕ − log ‖x3‖ is a bounded function, where the function
ϕ was defined above. Fix a constant A ≥ 1 large enough such that −A ≤
ϕ − log ‖x3‖ ≤ A. We only have to consider the case where s is large enough,
e.g. s ≥ 3A. Observe that since A is large enough, we have ϕ ≤ −s + 2A on
Dl × λ−1Dk−l.
Let χ be a convex increasing function on R such that χ(t) = t for t ≥ −s+3A,
0 ≤ χ′ ≤ 1 everywhere and χ′′(t) = e2t+2s−5A for t ≤ −s+2A. Define φ := c−1χ◦ϕ
for a fixed constant c≫ c0 large enough. It is clear that φ vanishes outside W2.
A direct computation gives
i∂∂φ = c−1χ′′(ϕ)i∂ϕ ∧ ∂ϕ+ c−1χ′(ϕ)i∂∂ϕ.
The first term in the last sum is positive. The second one is bounded below by
−2πc−1c0ω. Therefore, i∂∂φ ≥ −ω and φ is quasi-psh.
We prove now that e2si∂∂‖x3‖2 ≤ c3(i∂∂φ + α) on the open subset of Dk
where ϕ < −s + 2A. This property implies that the form (Aλ)∗(i∂∂‖x3‖2) on
Dk × λ−1Dk−l has bounded ⋆-norm because it is equal to e2si∂∂‖x3‖2. The idea
is to pull-back the forms by σ and check the inequality in the chart D̂ that we
have described.
Define ϕ̂ := ϕ ◦ σ and φ̂ := φ ◦ σ = c−1χ ◦ ϕ̂. Since ϕ̂ − log |zk| is a smooth
function, the form γ := ∂(ϕ̂ − log |zk|) is smooth. Recall also that i∂∂ϕ̂ ≥
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−2πc0σ∗(ω) and ϕ̂ ≥ log |zk| − A. Therefore, when ϕ̂(z) < −s + 2A, a direct
computation as above gives
c3(i∂∂φ̂+ σ∗(α)) ≥ c2χ′′(ϕ̂)i∂ϕ̂ ∧ ∂ϕ̂+ c2χ′(ϕ̂)i∂∂ϕ̂+ c3σ∗(α)
≥ c2e2s−7A|zk|2i∂ϕ̂ ∧ ∂ϕ̂− 2c2πc0σ∗(ω) + c3(ω̂ + σ∗(ω))
≥ c2e2s−7A|zk|2i(z−1k dzk + γ) ∧ (z−1k dzk + γ) + c3ω̂.
We also have
2i(z−1k dzk + γ) ∧ (z−1k dzk + γ) = i(z−1k dzk + 2γ) ∧ (z−1k dzk + 2γ)
+|zk|−2idzk ∧ dzk − 2iγ ∧ γ
≥ |zk|−2idzk ∧ dzk − 2iγ ∧ γ.
Since e2s−7A|zk|2γ ∧ γ is a bounded form on the considered domain and because
the constant c is large enough, we deduce from the inequalities above that
c3(i∂∂φ̂+ σ∗(α)) ≥ ce2sidzk ∧ dzk + cω̂.
On the other hand, one can find bounded forms θi on D
l× λ−1Dk−l such that
σ∗(e2sddc‖x3‖2) = e2sddc|zk|2 + esdzk ∧ θ1 + esdzk ∧ θ2 + θ3.
Cauchy-Schwarz’s inequality implies that the last sum is bounded above by
2e2sddc|zk|2 + θ4 for some bounded form θ4. We conclude that
σ∗(e2sddc‖x3‖2) ≤ c3(i∂∂φ̂+ σ∗(α))
on D̂ ∩ σ−1(Dl × λ−1Dk−l). Hence,
e2sddc‖x3‖2 ≤ c3(i∂∂φ+ α)
on Dl × λ−1Dk−l. This completes the proof of the lemma.
Lemma 2.12. Let Γ′m,j be the (1, 0)-form on C
k given by
Γ′m,j :=
xjdxm − xmdxj
‖x2‖2 + ‖x3‖2 for l
′ + 1 ≤ m, j ≤ k.
Then the restriction of (Aλ)
∗(Γ′m,j) to D
k has ⋆-norm bounded by a constant which
does not depend on λ,m and j with |λ| ≥ 1.
Proof. We have to bound the ⋆-norm of (Aλ)
∗(iΓ′m,j∧Γ
′
m,j). Observe that the form
iΓ′m,j ∧Γ
′
m,j is positive and bounded by the form R := i∂∂ log(‖x2‖2+ ‖x3‖2). So
it is enough to bound the ⋆-norm of the restriction of (Aλ)
∗(R) = i∂∂ log(‖x2‖2+
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|λ|2‖x3‖2) to Dk. Write ϕ˜1 := log[(|λ|2 − 1)‖x3‖2] and ϕ˜2 := log(‖x2‖2 + ‖x3‖2).
We have (Aλ)
∗(R) = i∂∂ log(eϕ˜1 + eϕ˜2).
With notations as in Lemma 2.10, we can write i∂∂ϕ˜1 as a finite combination
of Γm,j ∧ Γm,j. Therefore, i∂∂ϕ˜1 has bounded ⋆-norm. The same arguments
applied to V ′ instead of V imply that the ⋆-norm of i∂∂ϕ˜2 is bounded. Recall
that the function ϕ was defined above using the blow-up σ : X̂ → X of X along
V . Let ϕ′ be the function obtained in the same way by replacing V with V ′.
Define also ϕ1 := 2ϕ + log(|λ|2 − 1) and ϕ2 := 2ϕ′. Observe that i∂∂ϕ1 and
i∂∂ϕ2 restricted to D
k have ⋆-norms bounded independently of λ.
Using the coordinates z on D̂ introduced above, we see that (ϕ1−ϕ˜1)◦σ is the
potential of a smooth form. So it is a smooth function. We deduce that ϕ1 − ϕ˜1
is a bounded function and ∂ϕ1 − ∂ϕ˜1 is the push-forward by σ of a combination
of dzj with bounded coefficients. Therefore, ∂ϕ1 − ∂ϕ˜1 is equal to the sum of a
bounded form and a combination with bounded coefficients of Γm,j. We deduce
that this form has bounded ⋆-norm. In the same way, we obtain that ϕ2 − ϕ˜2 is
a bounded function and ∂ϕ2 − ∂ϕ˜2 has bounded ⋆-norm. These functions and
forms do not depend on λ.
Define
Γ :=
e
1
2
(ϕ1+ϕ2)
eϕ1 + eϕ2
(∂ϕ1 − ∂ϕ2) and Γ˜ := e
1
2
(ϕ˜1+ϕ˜2)
eϕ˜1 + eϕ˜2
(∂ϕ˜1 − ∂ϕ˜2).
The coefficients involving the exponential in the last line are smaller than 1 since
the exponential function is convex. We deduce from the above properties of
∂ϕj − ∂ϕ˜j that Γ˜ is equal to a ⋆-bounded form plus the form
Γ˜′ :=
e
1
2
(ϕ˜1+ϕ˜2)
eϕ˜1 + eϕ˜2
(∂ϕ1 − ∂ϕ2).
Moreover, Γ˜′ is equal to a bounded function times Γ which is ⋆-bounded according
to Lemma 2.9. It follows that ‖Γ˜‖⋆ is also bounded.
A computation as in Lemma 2.9 shows that
(Aλ)
∗(R) = iΓ˜ ∧ Γ˜ + e
ϕ˜1
eϕ˜1 + eϕ˜2
(i∂∂ϕ˜1) +
eϕ˜2
eϕ˜1 + eϕ˜2
(i∂∂ϕ˜2).
By Lemma 2.10, i∂∂ϕ˜1 and i∂∂ϕ˜2 have bounded ⋆-norms. It follows that (Aλ)
∗(R)
has also a bounded ⋆-norm. This completes the proof of the lemma.
Lemma 2.13. Let R be a smooth q-form with compact support in Dk. Let t ∈ C
be a fixed constant such that |t| ≥ 1. Assume that V is a hypersurface, i.e.
l = k − 1 and σ = id. Then there are smooth (q − 1)-forms Θλ with compact
support in Dk such that the family of forms
(Atλ)
∗(R)− (Aλ)∗(R)− dΘλ
on Dl × λ−1Dk−l is ⋆-negligible.
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Proof. The map Aλ is given by (x1, . . . , xk−1, xk) 7→ (x1, . . . , xk−1, λxk). Solving
the d-equation on the complex lines where x1, . . . , xk−1 are constant, we obtain
a smooth (q− 1)-form Θ with compact support in Dk such that A∗t (R)−R− dΘ
does not contain terms with dxk ∧ dxk. Define Θλ := A∗λ(Θ). We have
A∗tλ(R)−A∗λ(R)− dΘλ = A∗λ
(
A∗t (R)− R− dΘ
)
.
So these forms do not contain terms with dxk ∧ dxk.
Finally, observe that dxj and dxj are invariant under the actions of A
∗
λ and
A∗tλ for j ≤ k − 1. By Lemma 2.11, they have finite ⋆-norms. Therefore, the
family of forms in the lemma satisfies the property (c) in Definition 2.7.
Let x′ := (x1, x2) and x′′ := x3. For m ≥ 0, denote by O∗(‖x′′‖m) a function
(resp. a 1-form) which is continuous outside V and is equal to (resp. whose
coefficients are equal to) O(‖x′′‖m) when x′′ → 0. Recall that a function is equal
to O(‖x′′‖m) if its modulus is bounded by a constant times ‖x′′‖m. We will use
functions and forms depending on a parameter λ and we always assume that the
constant is independent of λ. Denote also by O∗∗(‖x′′‖m) the sum of a 1-form
with O∗(‖x′′‖m) coefficients and a combination of dx′′, dx′′ with O∗(‖x′′‖m−1)
coefficients for m ≥ 1. A vector or a matrix whose coefficients satisfy the same
property is denoted with the same notation.
Consider now a bi-Lipschitz map τ from a neighbourhood U of D
k ∩ V to
another neighbourhood of D
k ∩ V . We assume that τ is smooth outside U ∩ V
and that its restriction to U ∩ V is identity. In the following expressions, we
consider x′ and x′′ as line matrices.
Definition 2.14. We say that τ is admissible if there is an O∗(1) matrix a(x) on
U such that
τ =
(
x′ + x′′a(x), x′′
)
+O∗(‖x′′‖2)
and
dτ(x) =
(
dx′ + dx′′a(x) +O∗(‖x′′‖), dx′′ +O∗∗(‖x′′‖2))
when x′′ → 0.
Equivalently, there are O∗(1) matrices a1(x) and a2(x) on U such that
τ =
(
x1 + x3a1(x), x
2 + x3a2(x), x
3
)
+O∗(‖x3‖2)
and
dτ(x) =
(
dx1 + dx3a1(x) +O
∗(‖x3‖), dx2 + dx3a2(x) +O∗(‖x3‖),
dx3 +O∗∗(‖x3‖2))
when x3 → 0.
Note that the differential of a smooth and admissible map is C-linear at every
point of U ∩ V but in general it does not depend holomorphically on the point.
15
The map τ = (x′ + x′′a(x), x′′) with a holomorphic is admissible, but we will
need later global admissible maps which are not necessarily holomorphic, even
not smooth.
Definition 2.15. Let (Rλ) be a family of (q, q)-currents on X with λ ∈ C and
|λ| ≥ 1. We say that this family is ⋆-principal if it can be written as a finite sum
of families of (q, q)-currents of type
Γ1λ ∧ . . . ∧ Γ2qλ ,
where the Γjλ are quasi-continuous forms with ⋆-norms bounded uniformly on λ
such that q of them are of bidegree (1, 0) and q are of bidegree (0, 1).
Let τ be an admissible map as above. Denote by σ′ : X̂ ′ → X the blow-up
along V ′. We will need some test forms which are the push-forward of smooth
forms by σ′. We have the following lemma.
Lemma 2.16. Let R be a smooth 2q-form with compact support in σ′−1(Dk). Let
R′ be the bidegree (q, q) component of R and define Rλ := (Aλ)
∗σ′∗(R
′). Then the
family Rλ is ⋆-principal and the family τ
∗(Aλ)
∗σ′∗(R)− Rλ is ⋆-negligible.
Proof. We cover σ′−1(Dk) with a finite number of charts. Using a partition of
unity, we can assume that R is supported by one of these charts. We will only
work in the chart D̂′ that we describe now. The result holds for the other ones
because they are obtained from D̂′ just by using some permutations of indices.
We have on D̂′ holomorphic coordinates w = (w1, . . . , wk) with |wi| < 1 for
i ≤ l′ and |wi| < 2 otherwise such that
σ′(w) = (w1, . . . , wl′, wl′+1wk, . . . , wk−1wk, wk).
Denote by x the image of w by σ′. We have wj = xj/xk for l
′ + 1 ≤ j ≤ k − 1
and wj = xj otherwise. We also have ‖x2‖ . |xk| and ‖x3‖ . |xk| on σ′(D̂′).
This implies that ‖x2‖ . |λ||xk| and ‖x3‖ . |xk| . |λ|−1 on (Aλ)−1σ′(D̂′) and
on τ−1(Aλ)
−1σ′(D̂′) because τ is bi-Lipschitz. The later sets contain respectively
the support of (Aλ)
∗σ′∗(R) and the support of τ
∗(Aλ)
∗σ′∗(R).
In order to obtain the result, we first study the actions of (Aλ)
∗σ′∗ and of
τ ∗(Aλ)
∗σ′∗ on smooth functions and on linear 1-forms. The form R is built using
these functions and 1-forms. Let g be a smooth function with compact support
in D̂′. If we define
wx,λ := σ
′−1(Aλ(x)) = (x
1, λ−1x−1k x
2, x−1k xl+1, . . . , x
−1
k xk−1, λxk),
then
τ ∗(Aλ)
∗σ′∗(g)(x)− (Aλ)∗σ′∗(g)(x) = g(wτ(x),λ)− g(wx,λ).
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Since τ is admissible, the above estimates on ‖x2‖ and ‖x3‖ imply that ‖wτ(x),λ−
wx,λ‖ = O(λ−1). The smoothness of g implies that the functions in the previous
identity are uniformly bounded by a constant times |λ|−1.
Consider now the forms τ ∗(Aλ)
∗σ′∗(dwj) and τ
∗(Aλ)
∗σ′∗(dwj). We will discuss
the case of dwj; the other case is treated similarly. Observe that since τ is
admissible, for λ large enough, the supports of the considered forms are contained
in Dl× 2λ−1Dk−l. By Lemma 2.11 applied to λ/2 instead of λ, on the considered
domains, bounded forms have bounded ⋆-norms and the ⋆-norm of an O∗∗(‖x3‖)
1-form is of order O(λ−1) as λ tends to infinity. We will use these properties and
the admissibility of τ several times in the discussion below.
Define w1 := (w1, . . . , wl′). We have
τ ∗(Aλ)
∗σ′∗(dw
1) = τ ∗(dx1) = dx1 +O∗∗(‖x3‖).
Since the components of (Aλ)
∗σ′∗(dw
1) = dx1 are bounded forms, they have
bounded ⋆-norms. The ⋆-norm of the components of O∗∗(‖x3‖) on the considered
domains tends to 0 as λ tends to infinity. So the ⋆-norm of τ ∗(Aλ)
∗σ′∗(dw
1) −
(Aλ)
∗σ′∗(dw
1) tends to 0.
For j = k, we have
τ ∗(Aλ)
∗σ′∗(dwk) = λdxk + λO
∗∗(‖x3‖2) = (Aλ)∗σ′∗(dwk) +O∗∗(‖x3‖).
As we already wrote above, the form (Aλ)
∗σ′∗(dwk) = λdxk has bounded ⋆-norm
and the ⋆-norm of O∗∗(‖x3‖) tends to 0. So the ⋆-norm of τ ∗(Aλ)∗σ′∗(dwk) −
(Aλ)
∗σ′∗(dwk) tends to 0.
Assume that l + 1 ≤ j ≤ k − 1. We have
(Aλ)
∗σ′∗(dwj) = (Aλ)
∗
(xkdxj − xjdxk
x2k
)
=
xkdxj − xjdxk
x2k
·
By Lemma 2.10, this form has bounded ⋆-norm. As above, the admissibility of τ
implies that the ⋆-norm of τ ∗(Aλ)
∗σ′∗(dwj)− (Aλ)∗σ′∗(dwj) tends to 0.
Consider now the remaining case where l′ + 1 ≤ j ≤ l. We have
(Aλ)
∗σ′∗(dwj) = (Aλ)
∗
(xkdxj − xjdxk
x2k
)
=
xkdxj − xjdxk
λx2k
·
Since ‖x2‖ . |λ||xk|, by Lemma 2.12, this form has bounded ⋆-norm. Using the
description of dτ and that ‖x2‖ . λ|xk|, we obtain that
τ ∗(Aλ)
∗σ′∗(dwj)−
xkdxj − xjdxk
λx2k
is equal to O∗∗(‖x3‖) plus a linear combination of the forms considered in the
previous case with O(λ−1) coefficients. Therefore, the ⋆-norm of τ ∗(Aλ)
∗σ′∗(dwj)−
(Aλ)
∗σ′∗(dwj) tends to 0.
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We can now apply the above discussion to each component of R written
in w-coordinates. It is easy to deduce that the family Rλ is ⋆-principal and
τ ∗(Aλ)
∗σ′∗(R) − Rλ is ⋆-negligible and is a sum of forms satisfying (a) or (b) in
Definition 2.7.
The following lemma together with Lemmas 2.4 and 2.6 will allow to estimate
forms of any degree using an induction on the degree.
Lemma 2.17. Let R be a continuous 1-form with compact support in σ′−1(Dk)
such that ‖R‖∞ ≤ 1. Then the ⋆-norm of τ ∗(Aλ)∗σ′∗(R) is bounded by a constant
independent of λ and R.
Proof. Observe that the computation in the last lemma is valid in this case except
for the estimate on τ ∗(Aλ)
∗σ′∗(g) when g is only continuous and bounded by 1.
However, we only need here that τ ∗(Aλ)
∗σ′∗(g) is bounded by 1. For λ large
enough, R′λ is supported by D
l× 2λ−1Dk−l. Therefore, we easily deduce from the
computation in the last lemma that the ⋆-norm of τ ∗(Aλ)
∗σ′∗(R) is bounded by
a constant independent of λ and R.
Let τ be a bi-Lipschitz map from a neighbourhood U of D
k ∩ V to another
neighbourhood of D
k ∩ V . We assume that τ is smooth outside U ∩ V and that
its restriction to U ∩ V is identity.
Definition 2.18. We say that τ is almost-admissible if
τ =
(
x′ +O∗(‖x′′‖), x′′ +O∗(‖x′′‖2))
and
dτ(x) =
(
dx′ +O∗∗(‖x′′‖), dx′′ +O∗∗(‖x′′‖2))
when x′′ → 0.
Remark 2.19. Let τ be an almost-admissible map as above. When τ is smooth,
its differential at a point of V is not necessarily C-linear. Let R be a smooth
2q-form with compact support in Dk and let R′ be its component of bidegree
(q, q). Define Rλ := (Aλ)
∗(R′). As in Lemma 2.16, we obtain that the family
τ ∗(Aλ)
∗(R)− Rλ is ⋆-negligible. If R is a smooth 1-form with compact support
in Dk and with coefficients bounded by 1, as in Lemma 2.17, the ⋆-norm of
τ ∗(Aλ)
∗(R) is bounded by a constant independent of λ and R. We can use this
property together with Lemmas 2.4 and 2.6 in order to estimate forms of higher
degree.
We close this section with a technical lemma that we will use in the next
sections. Let W and W˜ be Ka¨hler manifolds of dimension k. Let V and V˜ be
complex submanifolds of dimension l of W and W˜ respectively. Consider a bi-
Lipschitz map τ : W → W˜ which is smooth outside V , preserves the orientation
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and such that τ(V ) = V˜ . Denote by Γ the graph of τ inW×W˜ , Π : W×W˜ →W
and Π˜ : W × W˜ → W˜ the canonical projections.
The integration on Γ defines a closed current [Γ] of order 0. This can be
seen using de Rham regularization theorem for currents. If θ is a smooth q-form
on W then τ∗(θ) is a bounded form which is equal in the sense of currents to
Π˜∗([Γ]∧Π∗(θ)). In particular, if θ is closed or exact, so is τ∗(θ). It follows that τ
defines a morphism τ∗ from the cohomology ring ⊕H∗V (W,C) (resp. ⊕H∗c (W,C)
and ⊕H∗(W,C)) to the cohomology ring ⊕H∗
V˜
(W˜ ,C) (resp. ⊕H∗c (W˜ ,C) and
⊕H∗(W˜ ,C)). The same property holds for τ−1 and gives a morphism τ ∗.
Let Z be a smooth oriented manifold of dimension q and let ρ : Z → W
be a Lipschitz proper map. We can define a current ∆ρ of order 0 on W by
〈∆ρ, θ〉 := 〈Z, ρ∗(θ)〉 for smooth q-forms θ with compact support in W . We
can see using the graph of ρ that this current is closed. Using a regularization
we obtain that τ∗{∆ρ} = {∆τ◦ρ}. Since τ is bi-Lipschitz, we also obtain that
{∆ρ} = τ ∗{∆τ◦ρ}. Hence, τ∗ ◦ τ ∗ = id. Note that we have τ∗{V } = {V˜ } and
τ ∗{V˜ } = {V }. As above, the map τ|V : V → V˜ induces also isomorphisms (τ|V )∗
and (τ|V )
∗ between the cohomology rings on V and V˜ .
Lemma 2.20. Let T be a positive closed (p, p)-current on W without mass on V
such that supp(T )∩ V is compact. Then the current (τ|W\V )∗(T ) has finite mass
on any compact subset of W˜ . Let τ∗(T ) denote the extension of (τ|W\V )∗(T ) by
0 to a current on W˜ . Then τ∗(T ) is a closed current such that {τ∗(T )} = τ∗{T}
and {τ∗(T )}|V˜ = (τ|V )∗({T}|V ).
Proof. Let θ be a smooth (2k − 2p)-form with compact support on W˜ . We have
〈(τ|W\V )∗(T ), θ〉 = 〈T, τ ∗(θ)〉W\V .
If the coefficients of θ are bounded, τ ∗(θ) satisfies the same property because τ is
Lipschitz. It follows that the above integrals are bounded and then (τ|W\V )∗(T )
has bounded mass on compact subsets of W˜ . We can extend it by 0 to a current
τ∗(T ) on W˜ .
We show that this current is closed. The problem concerns only the points
near V . Assume that θ = dγ with γ smooth supported in a compact set K in
W˜ . We have to prove that the above integrals vanish. Using a partition of unity,
we can assume that τ−1(K) is contained in the chart Dk as above. Let χ be a
function on Dl×Ck−l which vanishes in a neighbourhood of V = Dl×{0} and is
equal to 1 outside Dk. Since T is closed, the considered integrals are equal to
lim
λ→∞
〈
T, (χ ◦ Aλ)d(τ ∗(γ))
〉
= lim
λ→∞
−〈T, (Aλ)∗(dχ) ∧ τ ∗(γ)〉.
We show that 〈T, (Aλ)∗(∂χ) ∧ τ ∗(γ)〉 tends to 0 as λ → ∞. This and an
analogous property with ∂χ instead of ∂χ give the result. We only have to
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consider the bidegree (k − p − 1, k − p) part of τ ∗(γ) because T is of bidegree
(p, p). Since this is a bounded form, we can write it as a finite combination of
forms of type β∧Θ, where β is a (0, 1)-form and Θ a positive (k−p−1, k−p−1)-
form, both are bounded and smooth outside V . Without loss of generality, we
can replace τ ∗(γ) by β ∧Θ.
Define Γλ := (Aλ)
∗(∂χ). We obtain from the Cauchy-Schwarz’s inequality
|〈T,Γλ ∧ β ∧Θ〉|2 ≤ 〈T, iβ ∧ β ∧Θ〉Dl×λ−1Dk−l〈T, iΓλ ∧ Γλ ∧Θ〉.
The first factor in the right hand side of the last inequality tends to 0 since T has
no mass on V . The second one is bounded according to Lemmas 2.6 and 2.11.
This implies that τ∗(T ) is closed.
We prove now the first identity in the lemma. Let θ be a smooth closed
(2k − 2p)-form such that supp(θ) ∩ supp(τ∗(T )) is compact. We have seen that
τ ∗(θ) is a closed current. It is enough to check that {τ∗(T )} ` {θ} = {T} `
{τ ∗(θ)}. Since τ is smooth outside V , by definition of τ∗(T ), we have
{τ∗(T )} ` {θ} = 〈τ∗(T ), θ〉 = 〈T, τ ∗(θ)〉W\V .
By de Rham’s regularization theorem, there exists a sequence of smooth closed
(2k−2p)-forms θn supported in a fixed open subsetW ′ ofW such that θn → τ ∗(θ)
and W ′ ∩ supp(T ) is relatively compact in W . These forms are obtained from
τ ∗(θ) by convolution with diffeomorphisms of W which approximate the identity.
Thus, τ ∗(θ) is smooth outside V and bounded on W , the forms θn are bounded
uniformly on n and converge locally uniformly to τ ∗(θ) on W \ V . Finally, since
T has no mass on V , we have
{T} ` {τ ∗(θ)} = lim
n→∞
{T} ` {θn} = lim
n→∞
〈T, θn〉 = 〈T, τ ∗(θ)〉W\V .
Hence, {τ∗(T )} = τ∗{T}.
Consider the last identity in the lemma. Using the previous identity, it suffices
to prove that (τ|V )∗(c|V ) = τ∗(c)|V˜ for any class c ∈ H∗V (W,C). We can assume
that c is represented by a smooth real manifold Y which intersects V transversally.
We can also reduce W and W˜ in order to assume that there is a projection
Π˜ : W˜ → V˜ which defines a smooth fibration whose fibers are diffeomorphic to a
ball. We deduce from the discussion before the lemma that
τ∗(c) ` {V˜ } = τ∗(c) ` τ∗{V } = τ∗(c ` {V }) = τ∗{Y ∩ V } = {τ(Y ∩ V )}.
Observe that τ∗(c)|V˜ is the image of the class τ∗(c) ` {V˜ } by the natural mor-
phism Π˜∗ : H
∗
c (W˜ ,C)→ H∗c (V˜ ,C). The last identities imply that τ∗(c)|V˜ is equal
to the class of τ(Y ∩ V ) in H∗c (V˜ ,C) which is equal to (τ|V )∗(c|V ) since c|V is
represented by Y ∩ V . This completes the proof of the lemma.
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3 Currents on projective fibrations
In this section we discuss positive closed currents on fibrations over a complex
manifold with projective spaces as fibers. These currents will appear as a kind
of derivative in the normal directions along a submanifold, of a positive closed
current on a Ka¨hler manifold. Some notions and results can be extended with-
out difficulty to general fibrations where the fibers are not necessarily projective
spaces.
Let V be a Ka¨hler manifold of dimension l, not necessarily compact, and let
ωV be a Ka¨hler form on V . Let E be a holomorphic vector bundle of rank r
over V and denote by P(E) its projectivization. The complex manifold P(E) is
of dimension l + r − 1. Denote by π : P(E) → V the canonical projection. The
map π defines a regular fibration over V with Pr−1 fibers.
Consider a Hermitian metric ‖ · ‖ on E and denote by ωP(E) the closed (1, 1)-
form on P(E) induced by ddc log ‖v‖ with v ∈ E. The restriction of ωP(E) to each
fiber of P(E) is the Fubini-Study form on this fiber. So ωP(E) is strictly positive
in the fiber direction. It follows that given an open set V0 ⋐ V there is a constant
c > 0 large enough such that cπ∗(ωV ) + ωP(E) is positive on π
−1(V0) and defines
a Ka¨hler metric there.
Definition 3.1. Let S be a non-zero positive (p, p)-current on P(E). Let V0 be
an open subset of V . We call horizontal dimension (or h-dimension for short)
of S over V0 the largest integer j such that S ∧ π∗(ωjV ) 6= 0 on π−1(V0). If this
dimension is 0, we say that S is vertical over V0. The h-dimension of S is its
h-dimension over V . By convention, if S = 0 on π−1(V0) then the h-dimension of
S over V0 is max(l − p, 0).
Note that if s is the h-dimension of S then max(l − p, 0) ≤ s ≤ min(l + r −
p−1, l) because of a dimension reason, see also Lemma 3.4 below. Note also that
the positivity of S and the strict positivity of ωV imply that the definition does
not depend on the choice of ωV . In fact, we have the following general result.
Lemma 3.2. Let p and q be fixed positive integers. Then the h-dimension of S
over V0 is strictly smaller than max(p, q) if and only if S ∧ π∗(θ) = 0 for every
continuous (or smooth) (p, q)-form θ on V0.
Proof. Define j := max(p, q). Observe that ωjV can be written as a finite com-
bination of γ ∧ θ where γ is a smooth (j − p, j − q)-form and θ is a smooth
(p, q)-form. Therefore, the sufficiency of the condition is clear. Assume now
that the h-dimension of S over V0 is strictly smaller than j. We prove that
S ∧ π∗(θ) = 0.
Consider first the case where p = q = j. Since the problem is local on V0,
we can assume that θ has compact support in V0. Moreover, we can write it as
a finite combination of positive forms with compact support. So we can assume
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that θ is positive and θ ≤ ωjV . Therefore, we have 0 ≤ S∧π∗(θ) ≤ S∧π∗(ωjV ) = 0.
It follows that S ∧ π∗(θ) = 0.
Consider now the case where (p, q) = (j, j−r) with 1 ≤ r ≤ j. The remaining
case can be treated in the same way. Observe that θ can be written as a finite
sum of forms of type γ ∧β where γ is a continuous (r, 0)-form and β is a positive
continuous (j − r, j − r)-form. So we can assume that θ = γ ∧ β. Consider a test
smooth form θ′ of appropriate bidegree with compact support in π−1(V0). We
have to check that 〈S ∧ π∗(γ ∧ β), θ′〉 = 0.
As above, we can assume that θ′ = γ′ ∧ β ′ with γ′ of bidegree (0, r) and β ′
positive of appropriate bidegree. From Cauchy-Schwarz’s inequality, we have∣∣〈S ∧ π∗(γ ∧ β), θ′〉∣∣ ≤ ∣∣〈S ∧ π∗(γ ∧ γ ∧ β), β ′〉∣∣1/2∣∣〈S ∧ π∗(β), γ′ ∧ γ′ ∧ β ′〉∣∣1/2.
The first factor in the right hand side vanishes according to the bidegree (j, j)
case. The result follows. Note that the same proof holds for T weakly positive
and for (p, q) = (j, j), (j − 1, j) or (j, j − 1).
The following lemma describes the structure of vertical closed currents.
Lemma 3.3. Let S be a positive closed (p, p)-current on P(E) as above. Assume
that S is vertical over an open set V0. Then there exist a unique positive measure
µ on V0 and for µ almost every x, a positive closed (p, p)-current Sx on P(E)
supported by π−1(x) and cohomologous to a linear subspace there, such that
S =
∫
Sxdµ(x) on π
−1(V0).
Moreover, µ depends linearly on S.
Proof. By Lemma 3.2, for any smooth function χ on U the current (χ ◦ π)S is
closed on π−1(V0). Since the problem is local on V0, multiplying S with a function
χ ◦ π with compact support permits to assume that S has support in π−1(K) for
some compact subset K of V0. Fix a neighbourhood V1 ⋐ V0 of K. We have seen
that π−1(V1) is a Ka¨hler manifold. Fix a Ka¨hler form on it.
The set of all positive closed (p, p)-currents of mass 1 on π−1(V1) satisfying
the above property is a convex compact set. Its extremal elements should be
supported by a fiber. It follows from Choquet’s representation theorem that
there is a positive measure µ on V such that for µ-almost every x there is a
positive closed (p, p)-current Sx on P(E) supported by π
−1(x) such that
S =
∫
Sxdµ(x).
We can multiply µ with a positive function λ(x) and divide Sx by λ(x) in order
to have that Sx is cohomologous to a linear subspace in π
−1(x). We check now
that µ is unique and depends linearly on S.
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Fix a closed form Ω of bidegree (l + r − 1 − p, l + r − 1 − p) on P(E) such
that its restriction to each fiber of π is cohomologous to a linear subspace in this
fiber, e.g. a power of ωP(E). We have
S ∧ Ω =
∫
(Sx ∧ Ω)dµ(x).
The intersection Sx ∧ Ω defines a measure with algebraic mass 1. It follows that
µ = π∗(S ∧ Ω). So µ is unique and depends linearly on S. This completes the
proof of the lemma.
The last lemma and the following one give the complete description of closed
currents with minimal h-dimension, i.e. of h-dimension max(l − p, 0).
Lemma 3.4. Let S be a positive closed (p, p)-current on P(E) with p < l. Assume
that the h-dimension of S over V0 is smaller or equal to l − p. Then there is a
unique positive closed (p, p)-current Sh on V0 such that S = π
∗(Sh) on π−1(V0).
In particular, the h-dimension of S over V0 is equal to l − p.
Proof. The lemma is clear for S = 0. So we can assume that S 6= 0. The
uniqueness of Sh is also clear. We prove now the existence of Sh. Since this is a
local problem, we can assume that V0 is a small ball and π
−1(E) can be identified
with the product V0 × Pr−1, where π is identified with the canonical projection
on V0.
Denote by x = (x1, . . . , xl) the complex coordinates on V0. If I = (i1, . . . , im)
with ij ∈ {1, . . . , l}, define dxI := dxi1 ∧ . . . ∧ dxim and dxI := dxi1 ∧ . . . ∧ dxim .
Lemma 3.2 implies that S can be written on V0 × Pr−1 as
S =
∑
|I|=|J |=p
RIJdxI ∧ dxJ ,
where RI,J is a 0-current on V0 × Pr−1.
Since S is closed, we deduce that dRIJ is a combination of dxi and dxi, i.e.
RIJ is constant along the fibers of π (to see this point, we can regularize S using
some convolution). Therefore, RIJ is the pull-back of a 0-current on V0. We
deduce the existence of a current Sh on V0 such that S = π
∗(Sh). It is clear that
Sh should be a positive closed (p, p)-current.
Proposition 3.5. Let S be a positive closed (p, p)-current on P(E) as above and
let s be the h-dimension of S over an open set V0. Let Ω be a smooth closed form
of bidegree (l−s+ r−1−p, l−s+ r−1−p) on π−1(V0) whose restriction to each
fiber of π is cohomologous to a linear subspace in this fiber. Then the current
Sh := π∗(S ∧ Ω) on V0 is positive closed of bidegree (l − s, l − s) with support in
π(supp(S)) ∩ V0. Moreover, it does not depend on the choice of Ω.
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Proof. It is clear that Sh is a closed (l − s, l − s)-current. Observe that there is
a form Ω satisfying the hypothesis, e.g. a power of ωP(E). Since the problem is
local, we can assume that V0 is strictly contained in V and therefore π
−1(V0) is
a Ka¨hler manifold. In particular, we obtain a strictly positive form Ω by taking
a linear combination of a power of ωP(E) and a power of π
∗(ωV ). If we choose Ω
strictly positive, we obtain a positive current Sh with support in π(supp(S)).
It remains to prove that Sh does not depend on the choice of Ω. By Lemma
3.2, if α is a positive closed (s, s)-form on V then S ∧ π∗(α) is a vertical positive
closed (p + s, p + s)-current. It follows from this lemma that S ∧ π∗(χα) is a
vertical positive closed (p + s, p + s)-current for any positive function χ on V .
By Lemma 3.3, we can associate to this current a measure µ which depends
linearly on χα. We have seen in the proof of that lemma that µ is equal to
π∗(S ∧ π∗(χα) ∧ Ω) = Sh ∧ χα and does not depend on the choice of Ω. Since
any (s, s)-form β can be written as a finite combination of forms of type χα,
the measure Sh ∧ β does not depend on the choice of Ω. We deduce that Sh is
independent of the choice of Ω.
Definition 3.6. With the notation as in Proposition 3.5, we say that Sh is the
shadow of S on V0. The shadow of S is its shadow on V .
Denote by −hP(E) the tautological class on P(E) which is the Chern class
of the tautological line bundle OP(E)(−1) over P(E). With the notation as in
the beginning of the section, hP(E) is the class of ωP(E). Recall that the coho-
mology ring ⊕H∗c (P(E),C) is a free ⊕H∗c (V,C)-module generated by the classes
1, hP(E), . . . h
r−1
P(E), see e.g. Bott-Tu [4] or Voisin [36]. This is a consequence of
Leray’s theorem and can also be deduced from a similar property for de Rham
cohomology without compact support via the Poincare´ duality. So if c is a class
in H2pc (P(E),C), we can write it, in a unique way as
c =
min(l,l+r−1−p)∑
j=max(0,l−p)
π∗(κj(c)) ` h
j−l+p
P(E) ,
where κj(c) is a class in H
2l−2j
c (V,C). If c is the class of a closed (p, p)-current S
with compact support on P(E), we write κj(S) := κj(c).
Definition 3.7. The maximal j such that κj(c) 6= 0 is called the horizontal
dimension (or h-dimension for short) of the class c. If c = 0, by convention, the
h-dimension of c is max(l − p, 0).
The following lemma shows that the h-dimension of a positive closed current
with compact support depends only on its cohomology class. Recall that the
class c is said to be pseudo-effective if it contains a positive closed current.
Lemma 3.8. Let S be a positive closed (p, p)-current with compact support in
P(E). Then the h-dimension of S is equal to the h-dimension of {S}. Moreover,
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if Sh is the shadow of S and s is the h-dimension of S then Sh belongs to the class
κs(S). In particular, κs(S) is a pseudo-effective class; if S 6= 0 and if π(supp(S))
does not support a positive closed (l−j, l−j)-current for some j ≥ 1, then s < j.
Proof. Let θ be a smooth closed 2j-form on V with j > s. By Lemma 3.2, we
have S ∧π∗(θ) = 0. It follows from the above uniqueness of the decomposition of
H2pc (P(E),C) that κ0(S∧π∗(θ)) = κj(S) ` {θ}. We deduce that κj(S) ` {θ} = 0
for every θ. Hence, by Poincare´’s duality, κj(S) = 0 and the h-dimension of {S}
is at most equal to s. In order to complete the proof of the lemma, we have to
check that Sh belongs to κs(S).
For this purpose, it is enough to prove that the measure Sh ∧ θ belongs to
κ0(S ∧ π∗(θ)) for any smooth closed 2s-form θ on V . We show this property
for every smooth (q, 2s − q)-form θ not necessarily closed. If q 6= s, we have
Sh∧θ = 0 for bidegree reasons and S∧π∗(θ) = 0 according to Lemma 3.2. So we
can assume that q = s. The form θ can be written as a combination of positive
forms. Therefore, we can suppose that θ is positive. Replacing S with S ∧ π∗(θ)
(which is closed according to Lemma 3.2) allows us to assume that s = 0, i.e. S
is a vertical current, and θ is the constant function 1. So Sh coincides with the
measure µ given in Lemma 3.3. Using the decomposition given in that lemma,
we reduce the problem to the case where µ is a Dirac mass. We can then check
the property without difficulty.
Note that when S is only weakly positive and V is compact, by Hodge theory,
it is enough to consider θ of bidegree (j, j) or (s, s). So Lemma 3.2 still works for
these bi-degrees and gives the same result.
We now introduce the notion of V -conic currents. They will be used in order
to describe the tangent to a positive closed current on a complex manifold along
a submanifold V . Let E be a holomorphic vector bundle of rank r over a Ka¨hler
manifold V of dimension l as above. We do not assume that V is compact and
we identify it with the zero section of E.
The projectivisation P(E ⊕ C) of the vector bundle E ⊕ C is a natural com-
pactification of E. Here C denotes the trivial line bundle over V . For simplicity,
denote E := P(E ⊕ C) and π0 : E → V the canonical projection. If V0 is an
open subset relatively compact in V , as we have seen above, π−10 (V0) is a Ka¨hler
manifold. The action of the multiplicative group C∗ on E extends naturally to
E.
Definition 3.9. A positive closed (p, p)-current S on E is V -conic if it is invariant
under the action of C∗.
We will see in Proposition 3.10 below that such a current, extended by 0 on
the hypersurface at infinity H∞ := E \ E, is a positive closed current on E that
we still denote S. Note that any current supported by V is V -conic.
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Let π∞ : E \ V → H∞ be the central projection on the hypersurface at
infinity. We can also identify H∞ with P(E) and the restriction of π0 to H∞ with
π : P(E)→ V . We have the following characterization of V -conic currents.
Proposition 3.10. Let S be a V -conic positive closed (p, p)-current as above.
Assume that supp(S) ∩ V is compact. Then, there is a unique positive closed
(p, p)-current S∞ on H∞ ≃ P(E) and a unique positive closed (p, p)-current S0
on E with support in V such that
S = π∗∞(S∞) + S0.
In particular, S extends by 0 to a positive closed current on E that we still denote
S. Moreover, the intersection S ∧ [H∞] is well-defined and is equal to S∞. The
currents S∞, S0 have compact supports and S0 is the restriction of S to V .
Note that π∗∞(S∞) is well-defined on E \ V since π∞ is a submersion there.
The following lemma shows that this current extends by 0 to a positive closed
(p, p)-current on E and we keep the same notation for the extended current. We
already obtain here the uniqueness of S∞. The last assertion in the proposition
is also clear. Here, by restriction of S to V , we mean the multiplication of S with
the characteristic function of V . One should distinguish it from the intersection
of S with [V ].
Lemma 3.11. Let R be a current of order 0 with compact support on H∞ ≃ P(E).
Then the current π∗∞(R) has finite mass near V . We still denote by π
∗
∞(R) its
extension by 0 through V . The operator R 7→ π∗∞(R) is continuous. If R is closed
then π∗∞(R) is closed and we have π
∗
∞{R} = {π∗∞(R)}.
Proof. Let σE : Ê → E be the blow-up of E along V . In order to simplify
the notation, we identify σ−1E (H∞) with H∞. The map π∞ lifts naturally to a
holomorphic map π̂∞ : Ê → H∞ which defines a regular fibration with P1 fibers
over H∞. So the current π̂
∗
∞(R) is well-defined and of order 0 and has no mass
on σ−1E (V ). Therefore, (σE)∗π̂
∗
∞(R) is a current of order 0 having no mass on V .
It is equal to π∗∞(R) outside V and depends continuously on R. The first and
second assertions in the lemma follow.
For the last assertion, assume that R is closed. Clearly, π∗∞(R) is closed. It
remains to check the identity in the lemma. Since π∗∞(R) depends continuously on
R, by de Rham’s regularization theorem, it is enough to consider the case where
R is a smooth form. Recall that the operator π∗∞ : H
∗
c (H∞,C) → H∗c (P(E),C)
is defined by π∗∞{R} := {(σE)∗π̂∗∞(R)} for R smooth and closed. Note that even
when R is smooth (σE)∗π̂
∗
∞(R) should be considered as a current. The key point
here is that de Rham cohomology groups can be defined using smooth forms or
currents. The definition of the action of π∗∞ on cohomology is in fact valid for
more general meromorphic maps. The last identity in the lemma is clear for
smooth forms R.
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We also need the following lemma. Assume that V is a submanifold of a
Ka¨hler manifold X of dimension k. We use the notations introduced in Section
2. Recall that σ : X̂ → X is the blow-up of X along V and V̂ := σ−1(V ).
Lemma 3.12. Let T be a positive closed (p, p)-current on X with support in
a fixed open set W1 of X such that W1 ∩ V ⋐ V . Then, for every open sets
U ⋐ U ′ ⋐ X containing W1 ∩ V , the mass of (σ|X̂\V̂ )∗(T ) on σ−1(U) \ V̂ is
bounded by c‖T‖U ′ for some constant c > 0 independent of T . In particular,
(σ|X̂\V̂ )
∗(T ) extends by 0 to a positive closed (p, p)-current on X̂ that we denote
by σ⋄(T ).
Proof. The second assertion is a consequence of the first one and of an extension
theorem by Skoda [33]. Let ω̂ be a Ka¨hler form on Ŵ1 := σ
−1(W1), see also
Section 2. Observe that R := σ∗(ω̂) is a positive closed (1, 1)-current which is
smooth outside V and has no mass on V . The mass of (σ|X̂\V̂ )
∗(T ) on σ−1(U)\ V̂
is equal to the mass of the measure T ∧ Rk−p on U \ V . We have to bound the
last quantity.
Let ϕ be the quasi-psh function on W1 introduced in Section 2 such that
ddcϕ + c0ω ≥ R. This function is smooth outside V . Define for M > 0 large
enough ϕM := max(ϕ,−M) and ωM := c0ω+ddcϕM . It is not difficult to see that
ωM is a positive closed current which is larger than R on the open set {ϕ > −M}.
When M → ∞, this open set increases to W1 \ V . Therefore, it is sufficient to
bound the mass of T ∧ ωk−pM on U by a quantity which is independent of M for
M large enough.
Observe that the positive measure T ∧ ωk−pM is well-defined because ωM has
continuous local potentials. Moreover, forM large enough, ϕM = ϕ onW1∩U ′\U .
It follows from Stokes’ formula that the mass of T ∧ωk−pM on U does not depend on
M . Fix an M large enough. The classical Chern-Levine-Nirenberg’s inequality
implies that this mass is bounded by a constant times ‖T‖U ′, see Chern-Levine-
Nirenberg [5] and Demailly [8]. The lemma follows.
Note that the result can be generalized for maps between manifolds of different
dimensions, see also [17]. In this paper, we only need the version stated above.
Definition 3.13. With the notations as in Lemma 3.12, we call σ⋄(T ) the strict
transform of T by σ.
In general, σ∗{T} is not equal to {σ⋄(T )}. The missing part is described in
the following lemma.
Lemma 3.14. With the notations of Lemma 3.12, there is a class e(T ) in
H2p−2c (V̂ ,C) such that for any neighbourhood Ŵ of V̂ the class σ
∗{T}− {σ⋄(T )}
in H2p
V̂
(Ŵ ,C) is equal to the canonical image of e(T ) in this cohomology group.
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Proof. Choose a neighbourhood Ŵ ′ of V̂ which is V̂ -contractile, i.e. there is a
smooth projection Π : Ŵ ′ → V̂ which defines a fibration with connected and
simply connected fibers. By de Rham’s regularization theorem, there is a current
T ′ with support in W1 smooth near V̂ and equal to T outside a compact set in
W ′ := σ(Ŵ ′) such that the class of T − T ′ in H2pc (W ′,C) vanishes. Define e(T )
as the class of the current Π∗(σ
∗(T ′)−σ⋄(T )). It is clear that the property in the
lemma is true for Ŵ ′. Observe also that the e(T ) does not depend on the choice
of T ′.
Consider now an arbitrary open set Ŵ as in the lemma. Choose a neighbour-
hood Ŵ ′′ ⊂ Ŵ ∩ Ŵ ′ of V̂ such that Π restricted to Ŵ ′′ defines a fibration with
connected and simply connected fibers. Since e(T ) does not depend on the above
choice of T ′, we can choose a T ′ such that T − T ′ is supported by W ′′ := σ(Ŵ ′′)
and its class in H∗c (W
′′,C) vanishes. As above, we see that the property in the
lemma holds for Ŵ .
Proof of Proposition 3.10. It is well-know that we can decompose S in a
unique way into a sum of two positive closed (p, p)-currents S = S ′ + S0 with S0
supported by V and S ′ without mass on V , see e.g. Demailly [8] and Skoda [33].
For simplicity, we replace S with S ′ in order to assume that S0 = 0 and S has no
mass on V .
Consider first the case where V is a hypersurface. So π∞ extends to a holomor-
phic map on E and defines a regular fibration over H∞ with P
1 fibers. Locally, we
can identify this fibration with the product B×P1 where B is a ball in Ck−1. The
hypersurface H∞ is identified with B × {∞} and the map π∞ is identified with
the canonical projection on B. The hypersurface V is identified with B × {0}.
Since S is invariant under the action of C∗, we can write on B×C∗ using the
natural coordinates (z, t)
S = S1(z) ∧ idt ∧ dt
t2
+ S2(z) ∧ dt
t
+ S2(z) ∧ dt
t
+ S3(z),
where the Si are currents of order 0 and of the appropriate bidegree which do
not depend on t. Since S has finite mass near B × {0}, the first term vanishes.
Then the positivity of S implies that the next two terms vanish. This implies the
proposition for the hypersurface case with S∞ such that S3 = π
∗
∞(S∞).
Consider now the general case. We use the notation introduced in Lemma
3.11. Let Ŝ be the strict transform of S by σE (we use here the hypothesis on the
support of S). The action of C∗ on E extends to E and can be lifted to Ê. The
current Ŝ is still invariant under this action. We can apply the hypersurface case
considered above to the current Ŝ and to the exceptional hypersurface σ−1E (V ).
As in Lemma 3.11, for simplicity, we identify σ−1E (H∞) with H∞. So we can write
Ŝ = π̂∗∞(S∞) with a positive closed (p, p)-current S∞ on H∞. Since these currents
have no mass on V , we deduce that S = π∗∞(S∞). This completes the proof of
the proposition. 
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Let S be a V -conic current as above with compact support in E. Let −hE
denote the tautological class of E = P(E ⊗ C). By Leray’s theorem, we can
decompose the class of S as
{S} =
min(l,l+r−p)∑
j=max(0,l−p)
π∗0(κj(S)) ` h
j−l+p
E
where κj(S) is a class in H
2l−2j
c (V,C) with κj(S) = 0 when j does not satisfies
the inequalities max(0, l − p) ≤ j ≤ min(l, l + r − p). We have the following
lemma.
Lemma 3.15. Let S, S∞ and S0 be as in Proposition 3.10. Then
κl+r−p(S) = {S0} and κj(S) = κj(S∞) for j < l + r − p,
where {S0} is the class of S0 in H2p−2rc (V,C). In particular, if s is the h-dimension
of S∞, then κj(S) = 0 for j > s except possibly for j = l+r−p and κs(S) contains
the shadow of S∞.
Proof. Observe that the second assertion is a consequence of the first one and
of Lemma 3.8. Recall that for simplicity we identify H∞ with P(E) and E with
P(E⊕C). The map π∞ is induced by the canonical projection from E⊕C to E.
The pull-back of a Hermitian metric on E gives a singular Hermitian metric on
E ⊕ C. We deduce that π∗∞(hP(E)) = hE. Using the blow-up as in Lemma 3.11,
we obtain easily that
π∗∞(h
m
P(E)) = h
m
E
for m < r and hr
E
= [π∗∞(hP(E))]
r = {V }.
Therefore, using that π0 is identified with π ◦ π∞, we get
{π∗∞(S∞)} =
min(l,l+r−1−p)∑
j=max(0,l−p)
π∗∞π
∗(κj(S∞)) ` π
∗
∞(h
j−l+p
P(E) )
=
min(l,l+r−1−p)∑
j=max(0,l−p)
π∗0(κj(S∞)) ` h
j−l+p
E
and the class of S0 in H
2p−2r
V (E,C) is equal to
π∗0{S0} ` {V } = π∗0{S0} ` hrE.
Then, the lemma follows from the identity S = π∗∞(S∞) + S0 and the uniqueness
of the above decompositions.
In the following lemma, we can use any fixed Hermitian metric on E.
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Lemma 3.16. Let K be a fixed compact subset of V and let U be a fixed neigh-
bourhood of K in E. If S is a V -conic (p, p)-current with support in π−10 (K),
then ‖S‖ ≤ c‖S‖U for some constant c > 0 independent of S.
Proof. If the lemma were wrong, there would be a sequence of V -conic (p, p)-
currents (Sn) supported by π
−1
0 (K) such that ‖Sn‖ ≥ n‖Sn‖U . We can divide each
Sn by its mass in order to assume that ‖Sn‖ = 1. Extracting a subsequence allows
to assume that Sn converges to a V -conic current S of mass 1 which vanishes on
U . Since this current is V -conic, it vanishes on E. This is a contradiction.
We come back to the case where V is a submanifold of dimension l of a
Ka¨hler manifold X of dimension k. Let σ : X̂ → X and V̂ := σ−1(V ) be as
above. Denote by E the normal vector bundle to V in X . Then the exceptional
hypersurface V̂ of X̂ is canonically identified with P(E). So we can identify the
restriction of σ to V̂ with π : P(E)→ V . We will need the following lemma.
Lemma 3.17. Let S be a positive closed (p, p)-current on X̂ with compact support
in V̂ = P(E) and with p ≥ 1. Let s be the h-dimension of S. Assume that s is
strictly smaller than the complex dimension k−p of S. Let {S}′ denote the class
of S in H2p
V̂
(X̂,C). Then κj({S}′|V̂ ) = 0 if j > s and −κs({S}′|V̂ ) contains the
shadow of S on V . In particular, the class −κs({S}′|V̂ ) is pseudo-effective.
Proof. Using a diffeomorphism from a neighbourhood of V̂ in X̂ to a neighbour-
hood of V̂ in Ê which is identity on V̂ , we can reduce the problem to the case
where X = E and X̂ = Ê. Let π̂0 : Ê → V̂ be the canonical projection. It
defines a fibration with P1 fibers over V̂ .
We can identify S with the intersection of π̂∗0(S) with [V̂ ]. Let {S} denote
the class of S in H2p−2c (V̂ ,C). We have
{S}′
|V̂
= (π̂∗0{S} ` [V̂ ])|V̂ = {S} ` [V̂ ]|V̂ = −{S} ` hP(E).
Finally, since s is strictly smaller than the complex dimension of S, we deduce
from the definition of κj(·) that −κj({S}′|V̂ ) = κj({S}). The lemma follows.
4 Tangent cones for positive closed currents
In this section, we introduce the tangent cones, along a submanifold, of a positive
closed current on a Ka¨hler manifold. We refer the reader to Siu [32] for the case
where the submanifold is just a point, i.e. the Lelong number case.
Let X be a Ka¨hler manifold of dimension k. Let V be a submanifold of
dimension l. Let T be a positive closed (p, p)-current on X such that supp(T )∩V
is compact. The later condition is satisfied when V or X is already compact. We
want to define tangent currents to T along V . They are V -conic currents on E
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where E := NV |X is the normal vector bundle to V in X . We need a special class
of homeomorphisms from neighbourhoods of V in X to neighbourhoods of V in
E which are in some sense close to holomorphic maps near V .
Consider a point a in V . If TanaX and TanaV denote respectively the tangent
spaces of X and of V at a, the fiber Ea of E over a is canonically identified with
the quotient space TanaX/TanaV . Let x = (x
′, x′′) with x′ = (x1, . . . , xl) and
x′′ = (xl+1, . . . , xk) be a local holomorphic coordinate system that identifies a
chart of X to the polydisc 2Dk in Ck such that V is defined by the equation
x′′ = 0 in this polydisc. In these local coordinates, the bundle E is canonically
identified over V ∩2Dk with the trivial bundle (V ∩2Dk)×Ck−l which is an open
subset of Ck containing 2Dk.
Let V0 be an open subset of V . Let τ be a bi-Lipschitz map from a neigh-
bourhood of V0 in X to a neighbourhood of V0 in E. We assume that τ is equal
to identity on V0 and is smooth outside V0.
Definition 4.1. We say that τ is admissible (resp. almost-admissible) if in any
local holomorphic coordinate system as above τ is admissible (resp. almost-
admissible) in the sense of Definition 2.14 (resp. Definition 2.18).
Note that if τ is smooth and admissible its differential at any point of V is
C-linear and induces an endomorphism of E which is equal to identity. If V0 is
small enough we can find τ admissible and holomorphic. In general, we have the
following lemma, see also Lemma 4.3.
Lemma 4.2. There is a smooth admissible map for V0 = V .
Proof. Consider a Hermitian metric on X . It induces a Hermitian metric on the
tangent bundle of X . Denote by F the restriction of this tangent bundle to V .
The tangent bundle of V is identified with a vector sub-bundle F ′ of F and E
is identified with F/F ′. Let F ′′ denote the orthogonal complement of F ′ in F .
This is a vector bundle over V with complex fibers but in general it is not a
holomorphic vector bundle.
The canonical projection τ1 : F
′′ → E is a smooth isomorphism between
vector bundles and is C-linear on each fiber. Let τ2 : F
′′ → X be the map
induced by the exponential maps at the points of V . This map defines a smooth
diffeomorphism between a neighbourhood of V in F ′′ and a neighbourhood of V
in X . It is identity on V and its differential at each point of V is identity. Define
τ := τ1 ◦ τ−12 on a small neighbourhood of V in X . This is a diffeomorphism
between this neighbourhood and its image which is a neighbourhood of V in E.
In local coordinates x = (x′, x′′) as above, we can find smooth matrix-functions
a(x′), such that the fiber of F ′′ over a point (x′, 0) is the set of points (x′ +
x′′a(x′), x′′) with x′′ ∈ Ck−l. In a small neighbourhood of V , these affine spaces are
pairwise disjoint. The map τ1 sends (x
′ + x′′a(x′), x′′) to (x′, x′′). Hence, it sends
(x′, x′′) to (x′−x′′a(x′)+O(‖x′′‖2), x′′). On the other hand, the map τ−12 is smooth
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and tangent to identity at each point of V . So we have τ−12 (x) = x + O(‖x′′‖2)
and dτ−12 (x) = dx+O
∗∗(‖x′′‖2). So τ satisfies Definition 2.14.
In what follows, we often use the blow-up σ : X̂ → X of X along V and the
blow-up σE : Ê → E of E along V . We will show that some admissible maps
on X can be lifted to almost-admissible maps on X̂ . However, in general, we
loose the smoothness of these maps and they are only bi-Lipschitz. This is the
motivation for Definition 2.14.
Observe that σ−1E (V ) can be canonically identified with P(E). So we also
identify it with V̂ . The restriction of σE to this hypersurface is identified with
the restriction of σ to V̂ and with π : P(E) → V . For simplicity, we identify
σ−1E (H∞) with H∞. The projections π0 : E → V and π∞ : E \ V → H∞ lift to
projections π̂0 : Ê → V̂ and π̂∞ : Ê \ V̂ → H∞ in a canonical way. We have
σE ◦ π̂0 = π0 ◦ σE and π̂∞ = π∞ ◦ σE . The map π̂∞ extends holomorphically to
Ê. Both π̂0 and π̂∞ define fibrations with P
1 as fibers. Finally, Ê := Ê \ H∞
can be identified with the normal line bundle to V̂ in X̂ and Ê is its natural
compactification.
Lemma 4.3. Let τ be the smooth admissible map constructed in Lemma 4.2.
Then there is a unique almost-admissible map τ̂ , from a neighbourhood of V̂0 :=
σ−1(V0) in X̂ to a neighbourhood of V̂0 in Ê such that σE ◦ τ̂ = τ ◦ σ.
Proof. Since σ and σE are biholomorphic maps outside V̂ , we necessarily have
τ̂ = σ−1E ◦ τ ◦ σ outside V̂ . By continuity, the map τ̂ is unique if it exists. We
will describe τ̂ outside V̂ using local coordinates and we will see that it extends
to an almost-admissible map.
Let x = (x′, x′′) be as above where we identify a chart of X with 2Dk. The
restriction of V to 2Dk is given by the equation x′′ = 0. The vector bundle
E is identified over V ∩ 2Dk with 2Dl × Ck−l. The map τ is described as in
Definition 2.14. In these coordinates, we identify X with E and σ with σE
over 2Dk. Consider the chart D̂ of σ−1(2Dk) as in Section 2 with coordinates
z = (z1, . . . , zk) such that |zj| < 2 and
σ(z) = (z1, . . . , zl, zl+1zk, . . . , zk−1zk, zk).
In these coordinates, V̂ is given by zk = 0. We have
σ−1E (x) = σ
−1(x) = (x1, . . . , xl, xl+1x
−1
k , . . . , xk−1x
−1
k , xk).
Define z′ := (z1, . . . , zl) and z
# := (zl+1, . . . , zk−1). Using the local description of
τ in the proof of Lemma 4.2, we can write the map τ̂ := σ−1E ◦ τ ◦ σ on D̂ \ V̂ in
coordinates z as
τ̂ (z) =
(
z′ +O∗(|zk|), z# +O∗(|zk|), zk +O∗(|zk|2)
)
.
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We see that τ̂ extends continuously to a map on σ−1(Dk) which is identity on V̂ .
In the last identity, the function O∗(|zk|2) is smooth andO∗(|zk|) is the product
of z−1k with a smooth O(|zk|2) function. Since smooth O(|zk|2) functions can be
written as a combination of z2k, zkzk and z
2
k with smooth coefficients, we see that
dτ̂(z) =
(
dz′ +O∗∗(|zk|), dz# +O∗∗(|zk|), dzk +O∗∗(|zk|2)
)
.
Hence, τ̂ is almost-admissible for V̂ in X̂ .
Denote by Aλ the automorphism ofE induced by the multiplication by λ ∈ C∗.
Let τ be an almost-admissible map as in Definition 4.1. Fix an open subset
W1 of X such that W1 ∩ V is non-empty and relatively compact in X . Consider
a positive closed (p, p)-current on X with support in W1. We can decompose T
as T ′ + T0 where T
′, T0 are positive closed currents, T
′ has no mass on V and T0
is the restriction of T to V .
By Lemma 2.20, we can define a closed 2p-current τ∗(T
′) of order 0 on a
neighbourhood of V0 in E with no mass on V . Since τ is identity on V , we define
τ∗(T ) = τ∗(T
′)+T0. Define Tλ := (Aλ)∗(τ∗(T )). This is a closed 2p-current whose
domain of definition converges to an open set containing π−10 (V0) \H∞.
Proposition 4.4. Let U be an open set relatively compact in π−10 (V0)\H∞. Then
for λ large enough, the current Tλ is defined on U and its mass on U is bounded by
c‖T‖ for some constant c independent of λ and T . Moreover, if (λn) is a sequence
converging to infinity such that Tλn converges to a current S on π
−1
0 (V0) \ H∞,
then S is a positive closed (p, p)-current independent of the choice of τ .
Proof. We only consider λ large enough. So the current Tλ is closed and is defined
on U . Since the problem is local with respect to V , we can assume that V0 is
equal to Dk ∩ V , where Dk is identified with a chart of X and a chart of E with
local coordinates x as above.
Let R be a smooth (2k − 2p)-form with compact support in U and with
coefficients bounded by 1. We have 〈Tλ, R〉 = 〈T, τ ∗(Aλ)∗(R)〉. By Remark 2.19,
the last integral is bounded by a constant times ‖T‖. It follows that the mass
of Tλ on U is bounded by a constant times ‖T‖. In particular, for any sequence
(λn) converging to infinity, we can extract a subsequence (λni) such that Tλni
converges to a closed current on π−10 (V0) \H∞.
Let R′ denote the component of bidegree (k − p, k − p) of R. Define Rλ :=
(Aλ)
∗(R′). By Remark 2.19, 〈Tλ, R〉 − 〈T,Rλ〉 tends to 0 as λ tends to infinity.
Since Rλ does not depend on the choice of τ , we deduce that S does not depend
on the choice of τ . If R is of bidegree (q1, q2) with (q1, q2) 6= (k − p, k − p) then
R′ = 0. It follows that 〈S,R〉 = 0. Hence, S is a current of bidegree (p, p). When
R is a weakly positive (k − p, k − p)-form, Rλ is also weakly positive and hence
〈T,Rλ〉 is positive. We deduce that 〈S,R〉 is positive. Therefore, S is a positive
current.
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Let τ be a global almost-admissible map as in Definition 4.1 for V0 = V .
We define as above Tλ := (Aλ)∗τ∗(T ). By Proposition 4.4, the following notion
of tangent current does not depend on the choice of τ .
Definition 4.5. A current S on E is said to be a tangent current to T along V
if there is a sequence λn → ∞ such that S = limTλn . We also say that S is the
tangent current associated with the sequence (λn).
Observe that if θ is a smooth positive closed (q, q)-form on X and if S is the
tangent current to T along V associated with a sequence (λn) then S ∧ π∗0(θ|V )
is the tangent current to T ∧ θ along V associated with (λn).
Theorem 4.6. Let X be a Ka¨hler manifold and let V be a submanifold of X.
Denote by E the normal vector bundle to V in X, E its natural compactification
and π0 : E → V the canonical projection. Let W1 be a fixed open subset of X such
that W1 ∩V is relatively compact in X. If T is a positive closed (p, p)-current on
X with support in W1, then its tangent currents along V are V -conic supported by
π−10 (supp(T )∩V ) and of mass bounded by c‖T‖ for some constant c independent
of T . Moreover, these tangent currents belong to the same cohomology class in
H2pc (E,R) and their restrictions to V are equal to the restriction of T to V .
We need the following lemma where τ is smooth admissible and τ̂ is given
by Lemma 4.3.
Lemma 4.7. Let S be the tangent current to T along V associated with a sequence
(λn). Then the restriction of S to V is equal to the restriction of T to V . Let
T̂ be the strict transform of T by σ : X̂ → X. Then T̂ admits a tangent current
Ŝ along V̂ associated with the same sequence (λn). Moreover, Ŝ is the strict
transform of S by σE : Ê → E.
Proof. If T is supported by V then T̂ = 0 and S = T . The lemma is clear. So we
can assume that T has no mass on V . We can replace (λn) by a subsequence in
order to assume that T̂ admits a tangent current Ŝ along V̂ associated with (λn).
We have to check that it is the strict transform of S and that (σE)∗(Ŝ) = S. The
last equality implies that S has no mass on V .
Denote by Âλ the map on Ê induced by the multiplication by λ. It is the
natural lift of Aλ to Ê. Define also T̂λ := (Âλ)∗τ̂∗(T̂ ). Let R be a test smooth
(2k−2p)-form with compact support in E. Define R̂ := σ∗E(R). It is not difficult
to see that 〈T̂λ, R̂〉 = 〈Tλ, R〉 because Tλ and T̂λ have no mass on V and V̂
respectively. It follows that (σE)∗(Ŝ) = S. Since σE is injective outside V̂ , it
remains to check that Ŝ has no mass on V̂ .
In order to simplify the notation, we consider the case where V is a hypersur-
face and T has no mass on V . We have to check that S has no mass on V . The
result we obtain when applied to X̂, V̂ , T̂ and Ŝ, gives the lemma. Multiplying
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T with a strictly positive closed form allows us to reduce the problem to the case
where T is of bidegree (k − 1, k − 1), see the observation before Theorem 4.6.
We use local coordinates x = (x′, xk) with x
′ = (x1, . . . , xk−1) on a chart D
k
as above. Let γ denote the restriction of ddc‖x′‖2 to Dk. The mass of S on V ∩Dk
is bounded by a constant times 〈S, γ〉. Arguing as in Proposition 4.4, we see that
the last integral is bounded by
lim sup
λ→∞
〈T, (Aλ)∗(γ)〉 = lim sup
λ→∞
〈T, ddc‖x′‖2〉Dl×λ−1Dk−l = 0
since T has no mass on V . It follows that S has no mass on V . The proof of the
lemma is now complete.
End of the proof of Theorem 4.6. The theorem is clear when T is supported
by V . So we can assume that T has no mass on V . The last assertion is already
obtained in Lemma 4.7. The mass estimate for tangent currents is a consequence
of Proposition 4.4 and Lemma 3.16. The assertion on the supports of the tangent
currents is also clear. We prove now that the tangent currents are V -conic and
that they have the same cohomology class. By Lemma 4.7, we can assume that
V is a hypersurface of X .
We use a chart Dk of X as above with local coordinates x = (x1, . . . , xk) such
that V ∩ Dk is given by the equation xk = 0. Let R be a smooth (k − p, k − p)-
form with compact support in Dk. With notations as above, we have seen in
Proposition 4.4 that 〈Tλ, R〉− 〈T, (Aλ)∗(R)〉 converges to 0 as λ tends to infinity.
We apply Lemma 2.13 to our situation. We also use the fact that T is closed
and hence vanishes on exact test forms. We obtain for every fixed t ∈ C∗ that
〈T, (Atλ)∗(R)〉 − 〈T, (Aλ)∗(R)〉 converges to 0. It follows that 〈Ttλ, R〉 − 〈Tλ, R〉
tends to 0. Therefore, tangent currents to T along V are invariant under the
action of (At)∗, i.e. they are V -conic currents.
We prove that the tangent currents to T have the same cohomology class.
Let S be such a current. Fix also a small neighbourhood of V in E. It is not
difficult to see that for λ large enough Tλ restricted to this neighbourhood is a
closed current whose cohomology class does not depend on λ. It follows that
{S} ` {V } does not depend on the choice of S. Since S is V -conic and V is a
hypersurface, we deduce that the class of S is H∗c (E,C) does not depend on the
choice of S, see also Proposition 3.10. 
Let S be a tangent current to T along V . Denote by κV (T ) the class of S in
H2pc (E,C). We know that it does not depend on the choice of S.
Definition 4.8. We say that κV (T ) is the total tangent class of T along V . The
h-dimension of κV (T ) is the tangential h-dimension of T along V . The set of
tangent directions of T along V is the union of supp(S) for S varying on the set
of all tangent currents. Its projection to V is the tangent locus of T along V .
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If −hE denotes the tautological class of E, as in Section 3, we can write in a
unique way
κV (T ) =
min(l,k−p)∑
j=max(0,l−p)
π∗0(κ
V
j (T )) ` h
j−l+p
E
,
where κVj (T ) is a class in H
2l−2j
c (V,C). By convention, κ
V
j (T ) is 0 when j does
not satisfy the inequalities max(0, l − p) ≤ j ≤ min(l, k − p). With notations as
in Section 3, we have κVj (T ) = κj(S) if S is a tangent current to T along V .
Remarks 4.9. Let θ be a smooth positive closed (q, q)-form on X with q ≤
k − p. Let S be the tangent current to T associated with a sequence (λn). Then
S ∧ π∗0(θ|V ) is the tangent current to T ∧ θ associated with the same sequence.
We also have κV (T ∧ θ) = κV (T ) ` π∗0{θ|V } and κVj (T ∧ θ) = κVj+q(T ) ` {θ|V }.
We consider now a case which is very useful in computing tangent classes.
Lemma 4.10. Let X, V and the (p, p)-current T be as above. Assume that p ≤ l
and that the tangential h-dimension of T along V is minimal, i.e. equal to l− p.
Then κVl−p(T ) = {T}|V and κV (T ) = π∗0({T}|V ). In particular, when V is a
hypersurface of X and T has no mass on V , the above identities hold and we
have moreover κV (T )|H∞ = {T}|V .
Proof. When V is a hypersurface, we have P(E) = V and V -conic currents
without mass on V are pull-back by π0 of currents on V . Moreover, π0 defines
an isomorphism between H∞ and V . Therefore, the second assertion is a direct
consequence of the first one. We prove the first assertion using the notation
introduced above. For simplicity, assume that τ is smooth.
By Lemma 2.20, we have {Tλ}|V = {T}|V for every λ. So if S is a tangent
current to T along V , the class {S}|V is equal to {T}|V . Lemma 3.4 implies
that S is the pull-back by π0 of the shadow S
h of S on V . Therefore, we have
κV (T ) = {S} = {π∗0(Sh)} and Sh belongs to the class {S}|V = {T}|V . On
the other hand, by Lemma 3.8, Sh belongs to κl−p(S) = κ
V
l−p(T ). The lemma
follows.
The following result shows the upper semi-continuity for the maximal h-
dimensional part of the tangent class when the current T varies.
Theorem 4.11. Let X, V and W1 be as in Theorem 4.6. Let Tn and T be positive
closed (p, p)-currents on X with support in W1 such that Tn → T . Let s be the
tangential h-dimension of T along V . Then
1. If r is an integer strictly larger than s, then κVr (Tn) converges to 0.
2. If κs is a limit class of the sequence κ
V
s (Tn), then the classes κs and κ
V
s (T )−
κs are pseudo-effective.
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Proof. If T has positive mass on V , then the tangential h-dimension of T along
V is maximal, i.e. equal to k− p. The theorem is clear. Assume now that T has
no mass on V . We deduce that the mass of Tn on V tends to 0. So removing from
Tn its restriction to V permits to assume that Tn has no mass on V for every n.
Denote by T̂ and T̂n the strict transforms of T and Tn with respect to the
blow-up σ : X̂ → X along V . Recall that we identify the hypersurface at infinity
H∞ of E with σ
−1
E (H∞) and with P(E). So the restriction of a class κ to H∞ or
to σ−1E (H∞) is denoted by κ|P(E). By Lemma 4.7 and the last assertion of Lemma
4.10, we have
κV (T )|P(E) = κ
V̂ (T̂ )|P(E) = {T̂}|V̂
and a similar property for Tn. Extracting a subsequence we can assume that T̂n
converges to a current T̂ ′. Write T̂ ′ = T̂ + R̂ where R̂ is the restriction of T̂ ′ to
V̂ . If {R̂}′ denotes the class of R̂ in H2p
V̂
(X̂,C), we have
lim
n→∞
κV (Tn)|P(E) − κV (T )|P(E) = {R̂}′|V̂ .
We show that the h-dimension of R̂ is at most equal to s.
Assume that the h-dimension of R̂ is strictly larger than s. By Remarks 4.9,
we can multiply T and Tn by a strictly positive closed form in order to assume
that κV (T ) = 0 and that R̂ is a vertical current. We then have limκV (Tn)|P(E) =
{R̂}′
|V̂
. On one hand the above limit is a pseudo-effective class. On the other
hand, arguing as in Lemma 3.17, the class {R̂}′
|V̂
can be represented by a strictly
negative constant times a linear subspace on a fiber of π. This is a contradiction.
So the h-dimension of R̂ is at most equal to s. We deduce from the above
computation on limκV (Tn)|P(E) that the h-dimension of this limit is at most equal
to s. This gives us the first part of the theorem, see Lemma 3.15. Since the last
limit is a pseudo-effective class, we also deduce that limκVs (Tn) is pseudo-effective.
This implies that the class κs in the second part of the theorem is pseudo-effective.
Finally, by Lemma 3.17, the class −κs({R̂}′|V̂ ) is pseudo-effective. This and the
above computation imply that κVs (T ) − κs is pseudo-effective and complete the
proof of the theorem.
Note that when T has no mass on V its total tangent class κV (T ) along V
is determined by its restriction to the hypersurface at infinity H∞ ≃ P(E). As
above, we denote this class by κV (T )|P(E). We identify both π0 : H∞ → V and
σ : V̂ → V with π : P(E) → V . The following proposition gives us a way to
compute the tangent class of T along V . It is similar to Siu’s point of view on
the Lelong number at a point using the blow-up at this point, see Siu [32].
Proposition 4.12. Let X, V and T be as in Theorem 4.11. Let T̂ be the strict
transform of T with respect to the blow-up σ : X̂ → X of X along V . Denote
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by −hP(E) the tautological class of π : P(E)→ V as above. Let e(T ) be the class
in H2p−2c (P(E),C) defined in Lemma 3.14. Assume that T has no mass on V .
Then
κV (T )|P(E) = e(T ) ` hP(E) + π
∗({T}|V ).
Proof. For simplicity, we identify σ−1E (H∞) with H∞ and with P(E). We then
have κV (T )|P(E) = κ
V̂ (T̂ )|P(E). By Lemma 4.10 applied to V̂ , we have κ
V̂ (T̂ )|P(E) =
{T̂}|V̂ . Recall that {T̂} is equal to the difference between σ∗{T} and the canoni-
cal image e˜(T ) of e(T ) in H2p
V̂
(X̂,C). We also have (σ∗{T})|V̂ = π∗({T}|V ) (this
can be seen using a smooth form in {T}). Moreover,
e˜(T )|V̂ =
(
π∗0(e(T )) ` [V̂ ]
)
|V̂
= e(T ) ` {V̂ }|V̂ = −e(T ) ` hP(E).
This implies the proposition. Note that {T}|V = 0 when p > dimV .
The following result will be used to bound tangent classes and to show that
some tangent classes vanish.
Proposition 4.13. Let X, V and T be as above. Let V ′ be a submanifold of
V . Let s denote the tangential h-dimension of T along V . Then the tangential
h-dimension of T along V ′ is at most equal to s. Moreover, if S is a tangent
current to T along V , we have κV
′
s (T ) ≤ κV ′s (S). The inequality still holds if we
replace s with the tangential h-dimension of S along V ′.
If T has support in V , then S = T and the proposition is clear. So we can
assume that T has no mass on V . In particular, we have s < k − p.
Let τ be the smooth admissible map given in Lemma 4.2. Let σ′ : X̂ ′ → X
be the blow-up of X along V ′ and σE′ : Ê
′ → E ′ the blow-up along V ′ of the
normal vector bundle E ′ to V ′ in X . Let T̂ ′ be the strict transform of T by
σ′ : X̂ ′ → X . Define V̂ ′ := σ′−1(V ′) and we identify it with σ−1E′ (V ′) and also
with P(E ′). Observe that in general τ is not admissible with respect to V ′. We
need the following lemma.
Lemma 4.14. The map τ lifts to a bi-Lipschitz map τ̂ ′ from a neighbourhood of
V̂ ′ in X̂ ′ to a neighbourhood of V̂ ′ in Ê ′ which is smooth outside V̂ ′ and preserves
the hypersurface V̂ ′. Moreover, if T˜ ′ := τ̂ ′∗(T̂
′), we have {T̂ ′}|V̂ ′ = {T˜ ′}|V̂ ′.
Proof. We have τ̂ ′ = σ−1E′ ◦ τ ◦σ′ outside V̂ ′. We first show that this map extends
to a bi-Lipschitz map. The map τ is described locally as in Definition 2.14 and
in the proof of Lemma 4.2 where all functions involved are smooth. In order to
simplify the notation, we will not use exactly the same coordinate system of Dk
as above.
38
Let (y1, y2) denote a linear coordinates system onDk where y1 = (y1, . . . , yl′) :=
x1 but y2 is obtained from (x2, x3) by an index permutation. The aim is to con-
sider that the components of y2 play an equivalent role. We can write in these
coordinates
τ(y) =
(
y1 + y2b(y), y2c(y)
)
+O(‖y2‖2) as y2 → 0,
where the functions involved in b, c and O(‖y2‖2) are smooth and the determinant
of the matrix c(y) is equal to 1. In these coordinates we identify σ′ with σE′.
We cover σ′−1(Dk) with a finite number of equivalent charts and as above
we will only work in one of them. The considered chart is denoted by D̂′
endowed with coordinates w = (w1, w#, wk) with w
1 := (w1, . . . , wl′), w
# :=
(wl′+1, . . . , wk−1), |wj| < 2 such that
σ′(w) = (w1, wkw
#, wk) and σ
−1
E′ (y) = σ
′−1(y) = (y1, y−1k y
#, yk).
We deduce that
τ̂ ′(w) =
(
w1 + wk b˜(w) +O(|wk|2), c˜#(w) + w−1k O(|wk|2), wkc˜k(w) +O(|wk|2)
)
,
where the functions involved in b˜, c˜#, c˜k and O(|wk|2) are smooth. The inverse
of τ̂ ′ satisfies a similar property. We see that τ̂ ′ extends to a bi-Lipschitz map
which is not identity on V̂ ′ in general. The hypersurface V̂ ′ is given by wk = 0.
So it is invariant under τ̂ ′.
It remains to prove the last identity in the lemma. By Lemma 2.20, we only
have to check that the restriction τ˜ of τ̂ ′ to V̂ ′ acts trivially on H∗c (V̂
′,C). In local
coordinates as above, we have τ˜(w1, w#) = (w1, c˜#(w1, w#, 0)). So it is induced
by the differential of τ which is C-linear at each point of V . We deduce that τ˜
is induced by a smooth self-map of the tautological line bundle OV̂ ′(−1) of V̂ ′
which sends C-linearly fibers to fibers. It follows that τ˜ preserves the tautological
class of V̂ ′. On the other hand, it preserves the fibers over V ′. Hence, Leray’s
theorem implies that τ˜ acts trivially on H∗c (V̂
′,C). This completes the proof of
the lemma.
End of the proof of Proposition 4.13. Recall that T has no mass on V and
s < k−p. By Lemma 4.10 applied to V̂ ′, we have κV ′(T )|P(E′) = {T̂ ′}|V̂ ′. It follows
from the last lemma that κV
′
(T )|P(E′) = {T˜ ′}|V̂ ′. The map Aλ can be lifted to a
holomorphic map Âλ : Ê
′ → Ê ′. Since this map depends continuously on λ, it
acts trivially on cohomology with integer coefficients. Therefore, it acts trivially
on de Rham cohomology. Thus, κV
′
(T )|P(E′) = {T̂ ′λ}|V̂ ′ where T̂ ′λ := (Âλ)∗(T˜ ′).
Define Tλ := (Aλ)∗τ∗(T ) as above. We have (σE′)∗(T̂
′
λ) = Tλ. Let (λn) be a
sequence such that Tλn converges to S. Then, T̂
′
λn converges outside V̂
′ to the
strict transform Ŝ ′ of S by σE′ . We show that any limit current of T̂
′
λn
is equal
to Ŝ ′ plus a positive closed current supported by V̂ ′.
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Let R be a smooth (2k − 2p)-form with compact support in X̂ ′. We show
that the family of 〈T̂ ′λ, R〉 is bounded for λ large enough. Using a partition of
unity, we reduce the problem to the case where R is supported by σ′−1(Dk) as in
Lemma 2.17. Since the considered currents have no mass on V̂ ′ and V ′, we have
〈T̂ ′λ, R〉 = 〈Tλ, σ′∗(R)〉Dk\V ′ =
〈
T, τ ∗(Aλ)
∗σ′∗(R)
〉
Dk\V ′
.
Lemmas 2.6 and 2.17 imply that the family 〈T̂ ′λ, R〉 is bounded. It follows that
the family of currents T̂ ′λ is relatively compact.
By Lemma 2.16, if the component of bidegree (k−p, k−p) of R vanishes, the
above integral converges to 0. Therefore, the limit currents of T̂ ′λ are of bidegree
(p, p). The same proposition shows that if R is a weakly positive (k − p, k − p)-
form, then the limit values of 〈T̂ ′λ, R〉 is positive. We conclude that the limit
currents of T̂ ′λn are positive closed (p, p)-currents. Recall that these currents are
equal to Ŝ ′ outside V̂ ′. Let Ŝ ′+ Ŝ ′′ be such a limit current with Ŝ ′′ positive closed
supported by V̂ ′. Denote by {Ŝ ′′}′ the class of Ŝ ′′ in H2p
V̂ ′
(X̂ ′,C).
We deduce from the above discussion that
κV
′
(T )|P(E′) = {Ŝ ′}|V̂ ′ + {Ŝ ′′}′|V̂ ′ = κV
′
(S)|P(E′) + {Ŝ ′′}′|V̂ ′ .
Let r denote the h-dimension of T along V ′. If r is strictly larger than s, replacing
T by T ∧ωr gives us identities similar to the last ones with S = 0; this contradicts
Lemma 3.17 applied to Ŝ ′′ and the fact that κV
′
r (T )|P(E′) is a non-zero pseudo-
effective class. So we have r ≤ s. The same property applied to S in E says
that the tangential h-dimension s′ of S along V ′ is at most equal to s. Therefore,
using the above identities again, we conclude that the h-dimension s′′ of Ŝ ′′ with
respect to V ′ is at most equal to s and we also have r ≤ max(s′, s′′).
If s′ < s′′, a similar argument as above for T ∧ ωs′′ gives a contradiction.
Therefore, we have s′′ ≤ s′ and r ≤ s′. Then, using Lemmas 3.15 and 3.17 we
obtain that
κV
′
s′ (T ) = κ
V ′
s′ (S) + κs′({Ŝ ′′}′|V̂ ′) ≤ κV
′
s′ (S).
This is the last assertion in the proposition.
If s = s′, the first assertion in the proposition is clear. Otherwise, we have
r ≤ s′ < s and the assertion is also clear because κV ′s (T ) = κV ′s (S) = 0. This
completes the proof of the proposition. 
5 Density and intersection of currents
Let X be a Ka¨hler manifold of dimension k as above. In this section we will
introduce a notion of density associated with any finite family of positive closed
currents such that the intersection of their supports is compact. The last condi-
tion is satisfied when X is already compact. We will study some basic properties
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of the density and compare it with the Lelong number. We also discuss a new
notion of intersection of currents and compare it with classical notions.
Let Tj be a positive closed current of bidegree (pj, pj) on X with 1 ≤ j ≤ m.
Assume that the intersection of their supports is compact. Define T := T1 ⊗
· · · ⊗ Tm. This is a positive closed (p, p)-current on Xm with p := p1 + · · ·+ pm.
Denote by ∆ the diagonal of Xm, i.e. the set of points (x, . . . , x) with x ∈ X .
It is canonically isomorphic to X . Then the intersection of supp(T) with ∆ is
compact and T has no mass on ∆ except when the Tj are measures which contain
a same atom.
Denote by Tan(X), Tan(Xm) and Tan(∆) the tangent vector bundles of
X,Xm and ∆ respectively. Let Em denote the normal bundle to ∆ in X
m. The
vectors which are tangent to the fibers of the natural projection (x1, . . . , xm) 7→
(x1, . . . , xm−1) constitute a vector sub-bundle of Tan(X
m). Its restriction to ∆ is
a complement of Tan(∆) in Tan(Xm). We see that Em is canonically isomorphic
to Tan(X)⊕· · ·⊕Tan(X) (m−1 times). So the rank of Em is equal to (m−1)k.
Define
κ(T1, . . . , Tm) := κ
∆(T).
This is a pseudo-effective cohomology class in H2pc (Em,C). Define also
κj(T1, . . . , Tm) := κ
∆
j (T).
This is a cohomology class in H2k−2jc (X,C).
Definition 5.1. The class κ(T1, . . . , Tm) is called the total density class; the class
κj(T1, . . . , Tm) is the density class of (complex) dimension j and the h-dimension
of κ(T1, . . . , Tm) is the density h-dimension associated with T1, . . . , Tm. If S is a
tangent current to T along ∆, we say that S is a density current associated with
T1, . . . , Tm.
Observe that any permutation of (x1, . . . , xm) induces holomorphic automor-
phisms of Em and of Em which leave invariant the fibers. So this action on Em
preserves the tautological class −h
Em
. We then deduce from Leray’s theorem
that the action is in fact the identity on H∗c (Em,C). Therefore, κ and κj are
symmetric in T1, . . . , Tm.
Example 5.2. If the currents Tj have locally continuous potentials, we can show
that the current T admits a unique tangent current along ∆. This current vanishes
when p1 + · · ·+ pm > k and is equal to the pull-back of T1 ∧ . . . ∧ Tm otherwise,
see also Proposition 5.10 below.
Lemma 5.3. The density h-dimension associated with T1, . . . , Tm is smaller or
equal to the complex dimension k − pj of Tj for 1 ≤ j ≤ m.
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Proof. Let s denote the density h-dimension associated with T1, . . . , Tm. The
lemma is clear if the density class vanishes. Suppose this is not the case. Then
the class κs(T1, . . . , Tm) is non-zero and pseudo-effective. We have
κs(T1, . . . , Tm) ` {ωs} 6= 0.
The last class is also the shadow of κ∆(T1 ⊗ · · · ⊗ Tm ∧Π∗j (ωs)), where Πj is the
projection from Xm to the j-th factor. We deduce that T1⊗· · ·⊗Tm∧Π∗j (ωs) 6= 0.
It follows that Tj ∧ ωs 6= 0 and hence s ≤ k − pj.
The following lemma shows that the notion of density generalizes the notion
of tangent currents.
Lemma 5.4. Let X, V and T be as in Section 4. Then κj(T, [V ]) is equal to the
canonical image of κVj (T ) in H
2k−2j
c (X,C).
Proof. Observe that the pull-back of T by the canonical projection Π : V ×X →
X can be identified to the current [V ] ⊗ T in X × X . The restriction of E2 to
∆V := (V × X) ∩ ∆ can be identified with the pull-back of the tangent vector
bundle of X by the restriction Π|∆V of Π to ∆V . We denote it by F . The tangent
currents to [V ] ⊗ T along ∆ can be identified with tangent currents to Π∗(T )
along ∆V . The pull-back to ∆V by Π of the tangent vector bundle of V is a
sub-bundle of F that we denote by F ′. The quotient F/F ′ can be identified with
the normal vector bundle E to V in X if we identify ∆V with V . Denote by
ρ : F → F/F ′ the canonical projection.
We show that the tangent currents to Π∗(T ) along ∆V are equal to the pull-
back by ρ of the tangent currents to T along V . For this purpose, we will use
local coordinates as in Section 4. We identify a chart of X with Dk = Dl×Dk−l on
which V is equal to Dl × {0}. Consider the natural coordinate system (x′, y′, y′′)
on the chart Dl × Dk of V × X where ∆V is given by {y′ = x′, y′′ = 0} and
Π(x′, y′, y′′) = (y′, y′′).
In order to identify ∆V with V we use the coordinate system (x
′, z′, y′′) with
z′ := y′ − x′. So V is identified with ∆V and given by {z′ = 0, y′′ = 0}. The
vector bundle F is then identified to Dl×Ck and F ′ is the intersection of Dl×Ck
with the subspace {y′′ = 0}. So it is equal to Dl × Cl × {0}. The vector bundles
F/F ′ and E are identified to Dl × {0} × Ck−l. The map ρ is just the canonical
projection (x′, z′, y′′) 7→ (x′, 0, y′′).
The projection Π is given in these coordinates by Π(x′, z′, y′′) = (x′+z′, 0, y′′)
where we identify the chart Dk ⊂ X with the polydisc Dl×{0}×Dk−l. We use the
identity map as a (local) admissible map associated with X and V . We also use
the map τ(x′, z′, y′′) := (x′+z′, z′, y′′) for the pair V ×X and ∆V . The multiplica-
tion with λ on E and E2 are identified with the map Aλ(x
′, z′, y′′) := (x′, λz′, λy′′).
We see that Π◦(Aλ◦τ)−1 = (Aλ)−1◦ρ. It follows that (Aλ)∗τ∗Π∗(T ) = ρ∗(Aλ)∗(T ).
Thus, if S is a tangent current to T along V then ρ∗(S) is a tangent current to
Π∗(T ) along ∆V .
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The map ρ induces a meromorphic map ρ˜ : E2 → E. It is not difficult to show
that if −hE is the tautological class of E then −ρ˜∗(hE) is the tautological class
of E. Finally, the uniqueness of the decomposition in Leray’s theorem, implies
that κj(ρ˜
∗(S)) = κj(S). The lemma follows.
Note that the above construction gives an isomorphism between the set of
tangent currents to T along V and the set of tangent currents to [V ] ⊗ T along
the diagonal ∆.
Note that in the last lemma the canonical morphism from H2l−2jc (V,C) to
H2k−2jc (X,C) is not injective in general. However, the lemma still holds if we re-
placeX by a small enough neighbourhood of V and in that case the corresponding
morphism is injective.
Let T be a positive closed (p, p)-current on X . By Siu’s theorem [32], the
Lelong number ν(T, x) defines a function which is upper semi-continuous with
respect to the Zariski topology on X . In particular, if Y is an irreducible ana-
lytic set, then ν(T, ·) is constant on a dense Zariski open set of Y . We denote
this constant by ν(T, Y ). Moreover, also by Siu’s theorem, there is a finite or
countable family of irreducible analytic sets Yj of dimension k − p and constants
cj > 0 such that
T =
∑
cj [Yj] + T
′
where T ′ is a positive closed current such that for every c > 0 the level set
{ν(T, ·) ≥ c} is an analytic set of dimension ≤ k − p − 1. The following results
give the relation between density of currents and Lelong numbers.
Lemma 5.5. Let X and Tj be as above. Assume that T1 is a measure, i.e. p1 = k.
Then the density h-dimension associated with T1, . . . , Tm is 0 and we have
κ0(T1, . . . , Tm) =
〈
T1, ν(T2, ·) . . . ν(Tm, ·)
〉
.
In particular, the function a 7→ κ0(δa, T2, . . . , Tm) is upper semi-continuous with
respect to the Zariski topology on X.
Proof. The first assertion is a consequence of Lemma 5.3. For the second as-
sertion, since κ0 is linear on each variable, we can disintegrate T1 into Dirac
masses and assume for simplicity that T1 is the Dirac mass at a point a. In this
case, we see that κ0(T1, . . . , Tm) is the Lelong number of T2 ⊗ · · · ⊗ Tm at the
point (a, . . . , a). It is not difficult to see that this Lelong number is equal to
ν(T2, a) . . . ν(Tm, a). The lemma follows.
Proposition 5.6. Let X and Tj be as above. Assume that T1 is the current of
integration on an irreducible analytic set Y of dimension k − p1. Then
κk−p1(T1, . . . , Tm) = ν(T2, Y ) . . . ν(Tm, Y ){Y }.
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Proof. Let S be a density current associated with T1, . . . , Tm. If κk−p1(T1, . . . , Tm)
does not vanish, by Lemma 5.3, the h-dimension of S is equal to k−p1. So the last
class contains the shadow of S which is a positive closed (p1, p1)-current supported
by Y . Therefore, it is equal to a constant c times {Y }. Of course, this property
holds also when the considered class vanishes. We compute now the constant c.
We have
κ0(T1 ∧ ωk−p1, T2, . . . , Tm) = κk−p1(T1, . . . , Tm) ` {ωk−p1} = c{T1 ∧ ωk−p1}.
Since T1 ∧ ωk−p1 is a positive measure, by Lemma 5.5, we have
c{T1 ∧ ωk−p1} =
〈
T1 ∧ ωk−p1, ν(T2, ·) . . . ν(Tm, ·)
〉
.
Since T1 = [Y ], Siu’s theorem mentioned above implies that the last integral is
equal to ν(T2, Y ) . . . ν(Tm, Y ){T1 ∧ ωk−p1}. The proposition follows.
Proposition 5.7. Let X and Tj be as above. Assume that the set E of points x
such that {ν(T2, x) > 0} contains no analytic set of dimension k − p1. Then the
density h-dimension associated with T1, . . . , Tm is strictly smaller than k − p1.
Proof. By Lemma 5.3, this dimension is at most equal to k−p1. So it is enough to
prove that κk−p1(T1, . . . , Tm) ` {ωk−p1} = 0. Arguing as in the end of Proposition
5.6, we have
κk−p1(T1, . . . , Tm) ` {ωk−p1} =
〈
T1 ∧ ωk−p1, ν(T2, ·) . . . ν(Tm, ·)
〉
.
By hypothesis, E is a finite or countable union of analytic sets of dimension less
that k−p1. Therefore, the measure T1∧ωk−p1 has no mass on E = {ν(T2, ·) 6= 0}
and the last integral vanishes. The proposition follows.
The following result is a direct consequence of Theorem 4.11.
Corollary 5.8. Let U1, . . . , Um be open subsets with relatively compact intersec-
tion in a Ka¨hler manifold X. Let Tj,n and Tj be positive closed (pj , pj)-currents
with support in Uj such that Tj,n → Tj as n → ∞. Let s denote the density
h-dimension associated with T1, . . . , Tm. Then κj(T1,n, . . . , Tm,n) → 0 for j > s.
Moreover, any limit class of the sequence κs(T1,n, . . . , Tm,n) is pseudo-effective
and smaller or equal to κs(T1, . . . , Tm).
In what follows, we will introduce a new definition for the intersection of pos-
itive closed currents. We will give some basic properties needed in our dynamical
application. We believe that the theory has an independent interest and has to
be developed. Let X and Ti be as above. We assume that p1 + · · · + pm ≤ k
which is a necessary condition to give a meaning to the intersection of the Tj.
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Definition 5.9. Assume that the density h-dimension associated with T1, . . . , Tm
is minimal, i.e. equal to k− p1− · · ·− pm. Assume that there is a unique density
current S associated with T1, . . . , Tm. We define T1 uprise . . . uprise Tm as the shadow of
S with respect to the fibration π : Em → ∆.
Observe that in this case T := T1⊗ · · ·⊗ Tm admits a unique tangent current
S with respect to ∆ and by Lemma 3.4, it is equal to the pull-back of the current
T1 uprise . . .uprise Tm. We deduce that
{T1 uprise . . .uprise Tm} = lim
λ→∞
{Tλ}|∆ = {T}|∆,
where Tλ is defined as in Section 4 for T,∆ instead of T, V . It follows that
{T1 uprise . . .uprise Tm} = {T1} ` · · · ` {Tm}.
The permutations of factors in Xm induce bi-holomorphic self-maps on Em
which preserve the fibers of π0 : Em → X . Since S = π∗0(T1 uprise . . . uprise Tm) these
bi-holomorphic maps also preserve S. Hence, the wedge-product T1 uprise . . .uprise Tm is
symmetric with respect to T1, . . . , Tm.
Let T be a positive closed (p, p)-current and T ′ a positive closed (1, 1)-current
with bounded local potentials. We can define the wedge-product T ′ ∧ T by
T ′ ∧ T := ddc(uT ) when u is a local potential of T ′ which is a bounded psh
function, see e.g. [8, 23]. The definition does not depend on the choice of u
and therefore extends to the global setting. This wedge-product gives a positive
closed (p+ 1, p+ 1)-current.
When T1, . . . , Tm−1 are of bidegree (1, 1) and have locally bounded potentials,
we can define T1∧. . .∧Tm by induction. The following result compares this wedge-
product with the definition given above. The proposition holds for currents with
bounded local potentials but the proof in that case is more technical.
Proposition 5.10. Let X and Tj be as above. Assume that T1, . . . , Tm−1 are of
bidegree (1, 1) with continuous local potentials. Then we have
T1 ∧ . . . ∧ Tm = T1 uprise . . .uprise Tm.
Proof. Let U be a small open set in X that we identify with the unit polydisc in
Ck using local coordinates x = (x1, . . . , xk). Then U
m is identified with the unit
polydisc in (Ck)m and we denote the canonical coordinate system by (x1, . . . , xm).
We will use other coordinates (y1, . . . , ym) on Um given by ym := xm and yj :=
xj − xm for 1 ≤ j ≤ m − 1. In these coordinates, ∆ ∩ Um is given by the
equations y1 = · · · = ym−1 = 0. The vector bundle Em is identified over ∆ ∩ Um
with (Ck)m−1×U where the zero section, i.e. ∆∩Um, is identified with {0}×U .
In these coordinates, the application τ := id is admissible. Write Tj = dd
cuj
with uj psh on U . Define a psh function u˜j on U
m by u˜j(y
1, . . . , ym) := uj(y
j +
ym). The current T˜j := dd
cu˜j is the pull-back of Tj to U
m by the projection from
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Um onto the j-th factor. Using convolutions, we can approximate uj uniformly
by smooth psh functions. We see that T := T1⊗· · ·⊗Tm is equal to T˜1∧ . . .∧ T˜m
where T˜m is the pull-back of Tm by the canonical projection Π : (C
k)m−1×U → U .
Let Aλ denote the multiplication by λ along the factor (C
k)m−1 in (Ck)m−1×U .
We have to show that (Aλ)∗(T) converges to Π
∗(T1 ∧ . . . ∧ Tm) as λ → ∞. We
have
(Aλ)∗(T) = dd
c(u˜1 ◦ A−1λ ) ∧ . . . ∧ ddc(u˜m−1 ◦ A−1λ ) ∧ T˜m.
Since u˜j ◦ (Aλ)−1 converges locally uniformly to uj ◦ Π, the last wedge-product
converges to Π∗(T1 ∧ . . . ∧ Tm). This completes the proof of the proposition.
Note that the same proof also works for currents of higher bidegree which
admit local continuous potentials.
We will also need the following lemma in the dynamical setting.
Lemma 5.11. Let X,Uj , Tj be as above. Let 1 < l < m be an integer. Assume
that U := Ul+1 ∩ . . . ∩ Um is relatively compact in X and that Tj is of bidegree
(1, 1) and has local continuous potentials in a neighbourhood of U for 1 ≤ j ≤ l.
Assume also that Tl+1 uprise . . .uprise Tm exists. Then T1 uprise . . .uprise Tm exists and we have
T1 uprise . . .uprise Tm = T1 ∧ . . . ∧ Tl ∧ (Tl+1 uprise . . .uprise Tm).
Proof. Using the similar notation as in Proposition 5.10, we have
(Aλ)∗(T) = dd
c(u˜1 ◦ A−1λ ) ∧ . . . ∧ ddc(u˜l ◦ A−1λ ) ∧ (Aλ)∗(Tl+1 ⊗ · · · ⊗ Tm).
Observe that u˜j ◦ A−1λ converges locally uniformly to uj ◦ Π and by hypotheses
(Aλ)∗(Tl+1⊗· · ·⊗Tm) converges to Π∗(Tl+1uprise . . .upriseTm). We deduce that the right
hand side of the last identity converges to
Π∗
(
T1 ∧ . . . ∧ Tl ∧ (Tl+1 uprise . . .uprise Tm)
)
.
The lemma follows.
Remark 5.12. The hypothesis on the supports of the currents Tj can be refined.
We can extend the notion of tangent current along a manifold V to currents which
satisfy suitable regularity near the points of V \K for some compact subset K of
V . It would be also useful to compare the above notion with the notion introduced
in [18, 19]. We believe that the new notion extends the previous one and is valid
in a more general setting.
Remark 5.13. A subset E of R+ is said to be of density zero if the Lebesgue
measure of E ∩ [0, n] is equal to o(n) when n → ∞. Let Tλ be as in Section 4.
Assume that for some set E of zero density the limit of Tλ exists when λ → ∞
and |λ| 6∈ E . We then say that the limit is the essential tangent current to T along
V . We can consider a notion of intersection of currents T1, . . . , Tm by assuming
the existence of the essential tangent current to T1 ⊗ · · · ⊗ Tm along ∆. We can
also use another measure instead of the Lebesgue measure on R+ or take some
average before considering the limit.
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The following example illustrates an advantage of the above notion of inter-
section.
Example 5.14. Let π1 denote the canonical projection from P
1 × P1 onto the
first factor. Let a be a point in P1 and ν a positive measure on P1 having no
mass at a. Consider two positive closed currents T1 := π
∗
1(δa) and T2 := π
∗
1(ν).
It is not difficult to check that T1 uprise T2 = 0. If the local potentials of ν are equal
to −∞ at a, then the local potentials of T2 are equal to −∞ on the support of
T1. In this case, we cannot define T1 ∧ T2 in the classical sense.
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